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SELECTION BY VANISHING COMMON NOISE FOR POTENTIAL
FINITE STATE MEAN FIELD GAMES
ALEKOS CECCHIN AND FRANÇOIS DELARUE
Abstract. The goal of this paper is to provide a selection principle for potential mean
field games on a finite state space and, in this respect, to show that equilibria that do not
minimize the corresponding mean field control problem should be ruled out. Our strategy is
a tailored-made version of the vanishing viscosity method for partial differential equations.
Here, the viscosity has to be understood as the square intensity of a common noise that is
inserted in the mean field game or, equivalently, as the diffusivity parameter in the related
parabolic version of the master equation. As established in the recent contribution [1], the
randomly forced mean field game becomes indeed uniquely solvable for a relevant choice
of a Wright-Fisher common noise, the counterpart of which in the master equation is a
Kimura operator on the simplex. We here elaborate on [1] to make the mean field game
with common noise both uniquely solvable and potential, meaning that its unique solution
is in fact equal to the unique minimizer of a suitable stochastic mean field control problem.
Taking the limit as the intensity of the common noise vanishes, we obtain a rigorous proof
of the aforementioned selection principle. As a byproduct, we get that the classical solution
to the viscous master equation associated with the mean field game with common noise
converges to the gradient of the value function of the mean field control problem without
common noise; we hence select a particular weak solution of the master equation of the
original mean field game. Lastly, we establish an intrinsic uniqueness criterion for this
solution within a suitable class.
1. Introduction
The theory of Mean Field Games (MFG) addresses Nash equilibria within infinite popula-
tion of rational players subjected to mean field interactions. It has received a lot of attention
since the pioneering works of Lasry and Lions [42, 43, 44] and of Huang, Caines and Malhamé
[33, 34, 35]. Earlier works in the field were mostly dedicated to proving the existence of such
equilibria in a various types of settings, including deterministic or stochastic dynamics, sta-
tionary or time-inhomogeneous models, continuous or finite state spaces, local or nonlocal
couplings... Many of the proofs in this direction go through the analysis of the so-called
MFG system, which is a system of two forward and backward Partial Differential Equations
(PDEs) –PDEs reducing to mere ODEs for finite state spaces– describing both the dynamics
of an equilibrium and the evolution of the cost to a typical player along this equilibrium, see
for instance [7, 29, 44] and [9, Chapter 3] for a tiny example, together with the notes and
complements in [13, Chapter 3] for more references. Another and slightly more recent object
in the field is the master equation, which is the analogue of the Nash system for games with
finitely many players and which hence describes the evolution of the value of the game in the
form of a PDE set on the space of probability measures. Informally, the connection between
the MFG system and the master equation is pretty simple: The MFG system is nothing but
the system of characteristics of the master equation. This picture may be made rigorous
when the MFG has a unique equilibrium. Provided that the coefficients of the game are
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smooth enough, the master equation is then expected to have itself a classical solution. In
all the instances where this guess can be indeed demonstrated (see for instance [9, 14, 20]
in the continuous setting and [2, 18] in the discrete case), the standard assumption that is
used –and in fact it is, up to some slight extensions, more or less the only one that exists–
for ensuring uniqueness is the so-called Lasry-Lions monotonocity condition, see [42, 43, 44]
and [13, Chapter 3] for monotonicity on continuous state spaces and [29] on finite state
spaces. In fact, monotonicity has the great advantage of being very robust (meaning that
it not only forces uniqueness but also stability of the equilibria) but, at the same time, it
has the drawback of being rather restrictive from a practical point of view. Unfortunately,
the master equation becomes poorly understood beyond the monotonous case. In particular,
the connection between the MFG system and the master equation takes a dramatic turn
whenever equilibria are no longer unique: In the latter case, there may be several possible
values for the game; accordingly, classical solutions to the master equation cease to exist
and almost nothing is then known on the master equation, except maybe in few examples in
which the master equation can be reduced to a one-dimensional PDE.
This is precisely the goal of our paper to make one new step forward and to address, in
a more systematic way, the following two questions for a suitable class of MFGs without
uniqueness:
(1) Is it possible to select some of the equilibria of the MFG?
(2) Is it possible to select one specific solution of the master equation?
For sure, those two questions are very challenging in full generality. Subsequently, we cannot
hope for a class of MFGs that is too big. In fact, the typical examples for which those
two questions have been addressed rigorously in the literature are cases where equilibria can
be described through a one-dimensional parameter only, say their mean if the state space is
embedded in R, see for instance [24] that addresses a linear-quadratic 1d MFG with Gaussian
equilibria and [3, 16] that address two examples of MFGs on {0, 1} and {−1, 1} respectively.
We here intend to study a generalization of [3, 16] and to consider MFGs on a finite state
space of any cardinality. However, even the latter would remain too much: We thus restrict
ourselves to so-called potential games, namely to games whose cost coefficients derive from
potentials; As explained in Subsection 2.6 below, this still covers the framework of [3, 16]
and, interestingly, this provides an example where equilibria cannot be described by a single
parameter.
The great interest of potential games is that they are intrinsically associated with a vari-
ational problem, usually referred to as a Mean Field Control Problem (MFCP): The MFG
indeed reads as a first order condition for the MFCP, meaning that any minimal trajectory
of the corresponding MFCP solves the MFG, see for instance [7, 44] and [29, 32] for earlier
refences on the continuous and discrete settings respectively. In short, the MFCP is here a
deterministic control problem with trajectories taking values within the space of probability
measures (over the state space supporting the MFG) and the cost functional of which is
driven by the potentials of the cost coefficients of the original MFG. Noticeably, this varia-
tional interpretation of MFG has been widely used in the analysis of the MFG system, see
for example [8, 10, 11]. Here, we want to use it as a way to rule out some of the equilibria
of the MFG, namely those that are not minimizers of the MFCP: We provide examples of
such equilibria in Subsection 2.6. For sure, we could decide to impose this selection principle
arbitrarily but, in the end, this would make little sense. The main purpose of the paper is
thus to justify rigorously such a procedure.
Before we say more on the mathematical approaches to this selection principle, it might be
worth recalling that, intuitively, MFG are to be thought of as asymptotic versions of games
with finitely many players, see for instance [44] for an earlier discussion on this question
together with [12, 17, 35] for a generic manner to reconstruct approximate equilibria to the
finite game from solutions of the MFG. In this respect, the most convincing strategy for
justifying the selection principle would certainly consist in proving that the equilibria of the
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corresponding finite player version of the game converge (in some way) to minimizers of the
corresponding MFCP. Actually, this is precisely what is done in [3, 16] in a specific case where
the state space has exactly two elements. However, this turns out to be a difficult approach
since the passage from games with finitely many players to MFGs remains, in general and
regardless any question of selection, rather subtle, see for instance [9, 26, 40, 41] and [2, 18]
for several contributions on this matter in continuous and discrete settings respectively.
Another strategy, already used in [24] in a linear quadratic case, is to pass to the limit in a
randomly forced version of the MFG, the limit being taken as the intensity of the random
forcing tends to 0. In the MFG folklore, this random forcing is usually referred to as a
common or systemic noise, since it must be understood, in the finite version of the MFG,
as a noise that is common to all the players –in contrast to idiosyncratic noises that are
independent and specific to each given player–. We refer for instance to [9, 15] for two
distinct approaches to continuous state MFGs with a common noise; as for the finite state
case, we refer, among others, to [5], the key idea of which is to force the finite-player system
to have many simultaneous jumps at some random times prescribed by the common noise.
The key fact for us is that, provided that it is rich enough, the common noise may restore
uniqueness, see for instance [23, 49] for continuous state MFGs and the recent article [1] for
finite state MFGs (noticeably, the latter also involves an additional repulsive forcing at the
boundary); in brief, the cornerstone in [1] is to design a form a common noise, which we call
Wright-Fisher, so that the corresponding master equation becomes a system of nonlinear
PDEs driven by a so-called Kimura operator and hence enjoys the related Schauder like
smoothing estimates established in [25]. This paves the way for the following sketch: If we
succeed to associate a variational structure to the MFG with a common noise –meaning that
the unique equilibrium of the MFG with common noise is also the unique minimizer of some
MFCP with common noise– and if we then manage to show that the minimizer of the MFCP
with common noise converges –in some suitable sense– to solutions of the original MFCP
without common noise, then we are done! Although it is quite clear, this idea is not so
simple to implement: In short, the procedure used in [1] to restore uniqueness in finite state
MFGs does not preserve the potential structure. Part of our job here is thus to elaborate on
[1] in order to cook up a randomly forced version of the MFG that is uniquely solvable and
that derives from a potential; equivalently, the corresponding master equation is required
to coincide with the derivative of a suitable parabolic Hamilton-Jacobi-Bellman equation on
the simplex, the analysis of which is here carried out explicitly by means of the properties
of the Kimura operator associated with the common noise. Another task is then to take
the limit as the intensity of the common noise tends to zero and to show that the solutions
that are selected in this way are indeed minimizers of the MFCP without common noise,
hence justifying the selection principle that we figured out. The last step in our program
is to make the connection between the selection principle and the master equation: As for
the potential MFG with a common noise, we show that the master equation has indeed a
unique classical solution and that the latter converges almost everywhere to the gradient of
the value function of the MFCP without common noise; following an earlier work of Kružkov
[38], we are then able to prove that this limit is in fact a weak solution to a conservative
form of the master equation and that it is the unique one that satisfies in addition a weak
semiconcavity property. We provide a lengthy review of all these results in Section 2 below.
The MFCP with common noise is introduced and studied in Section 3. The related MFG
with common noise is investigated in Section 4. Selection of the equilibria is addressed in
Subsection 5.1 and selection of a solution to the master equation is discussed in Subsection
5.3 by letting the common noise vanish, and in Section 6 in an intrinsic manner.
Notation. Throughout the text, the state space is taken as JdK := {1, · · · , d}, for an integer
d ≥ 2. We use the generic notation p = (pi)i∈JdK (with i in subscript) for elements of Rd,
while processes are usually denoted by p = ((pit)i=1,...,d)0≤t≤T (with i in superscript). Also,
we let Sd := {(p1, · · · , pd) ∈ (R+)d :
∑
i∈JdK pi = 1} be the (d−1)-dimensional simplex. The
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Euclidean norm of p ∈ Rd is denoted by |p|. We can identify Sd with the convex polyhedron
of Rd−1 Ŝd := {(x1, · · · , xd−1) ∈ (R+)d−1 :
∑
i∈Jd−1K xi ≤ 1}. In particular, we sometimes
write “the interior” of Sd; in such a case, we implicitly define the interior of Sd as the (d−1)-
dimensional interior of Ŝd. To make it clear, for some p ∈ Sd, we write p ∈ Int(Sd) to say
that pi > 0 for any i ∈ JdK. We also write x ∈ Int(Ŝd) to say that x ∈ Ŝd, xi > 0 for each
i ∈ Jd−1K and ∑i∈Jd−1K xi < 1.
We use the same convention when speaking about the boundary of Sd: For some p ∈ Sd,
we may write p ∈ ∂Sd to say that pi = 0 for some i ∈ JdK. Finally, δi,j is the Kronecker
symbol, r+ denotes the positive part of r ∈ R and, for two elements (vi)i∈JdK and (wi)i∈JdK
of Rd, we sometimes denote the inner product
∑
i∈JdK viwi by 〈v•, w•〉.
2. Main results
In order to state our main results, we first introduce step by step the several forms of
MFGs that we handle in the paper. We start with the game without common noise, which
is assumed to be potential. Borrowing from the PDE literature –which is justified here since
we make a rather systematic use of the master equation–, this game could be called inviscid.
As we already explained in introduction, it might not be uniquely solvable, which fact is
the basic rationale for inserting next a common noise in the dynamics. Following [1], we
may indeed cook up a form of noise –together with a repulsive forcing at the boundary–
that preserves the structure of the simplex and that forces the MFG to become uniquely
solvable. Accordingly, the game with common noise should be called viscous. Unfortunately,
a striking point in our study is that the common noise, at least in the form postulated in
[1], destroys the potential structure of the game. This prompts us to address in the end a
new and tailored-made form of MFG that is driven by both a common noise and a potential
structure.
2.1. A first form of MFG. The general form of inviscid MFGs that we here consider is
given by the following fixed point problem: For some time horizon T > 0, find an Sd-valued
continuous trajectory p = (pt)0≤t≤T that is an optimal trajectory to the p-dependent control
problem
inf
α=(αt)0≤t≤T
J(α;p), J(α;p) =
∫ T
0
∑
i∈JdK
qit
(
Li(αt) + f
i(pt)
)
dt+
∑
i∈JdK
qiTg
i(pT ), (2.1)
where q = (qt)0≤t≤T solves the Fokker-Planck (FP) equation
q˙it =
∑
j∈JdK
qjtα
j,i
t , t ∈ [0, T ], i ∈ JdK, (2.2)
subjected to the initial condition q0 = p0 and to the control α = ((α
i,j
t )i,j∈JdK)0≤t≤T satisfying
the constraint
αi,jt ≥ 0, i, j ∈ JdK, i 6= j ; αi,it = −
∑
j 6=i
αi,jt , i ∈ JdK ; t ∈ [0, T ]. (2.3)
Obviously, the latter constraint says that the trajectory q may be interpreted as the collection
of marginal distributions of a Markov process with rates ((αi,jt )i,j∈JdK)0≤t≤T . In the definition
of the cost functional (2.1), (f i)i∈JdK and (gi)i∈JdK are tuples of real valued enough smooth
functions, the form of which is specified in the next subsection. As for the cost (Li)i∈JdK, we
take for convenience
Li(α) = 12
∑
j 6=i
|αi,j |2. (2.4)
The MFG associated with (2.1) and (2.2) has been widely studied. In this respect, it is worth
recalling that uniqueness is known to hold true in a few settings only and may actually fail
in many cases. The typical condition that is used in practice to ensure uniqueness is a
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form of monotonicity of the cost coefficients f and g, but as recalled in Introduction and as
shown in the recent paper [1], uniqueness can be also restored –without any further need of
monotonicity– by adding to the dynamics of q a convenient kind of common noise together
with a repulsive forcing at the boundary. In the presence of common noise, equilibria become
random: In [1], candidates p for solving the equilibria are then sought as Sd-valued continuous
stochastic processes (on [0, T ]) that are adapted to the (complete) filtration F generated by
a collection of Brownian motions ((Bi,jt )0≤t≤T )i,j∈JdK:i6=j –this collection forming the common
noise–, constructed on a given (complete) probability space (Ω,A,P). Accordingly, the FP
equation (2.2) for q = (qt)0≤t≤T becomes a Stochastic Differential Equation (SDE) driven
by both the common noise ((Bi,jt )0≤t≤T )i,j∈JdK:i6=j and the environment p, the general form
of which is
dqit =
∑
j 6=i
(
qjt (ϕ(p
i
t) + α
j,i
t )− qit(ϕ(pjt ) + αi,jt )
)
dt+
ε√
2
∑
j 6=i
qit
pit
√
pitp
j
t
(
dBi,jt − dBj,it
)
, (2.5)
for i ∈ JdK and t ∈ [0, T ], with q0 = p0 as initial condition. Forgetting for a while the presence
of ϕ –we comment more on it in the sequel, but, in our claim here, the reader may take it
as zero–, a peculiar point with (2.5) is that, generally speaking, the components (qit)0≤t≤T
are positive but the mass process (
∑d
i=1 q
i
t)0≤t≤T is just equal to 1 in the mean under the
expectation E carrying the common noise. We refer to [1, Prop 2.3] for more details on this
subtlety, but also on the solvability of (2.5): Basically, (2.5) is uniquely solvable if α is a
bounded process and ε2
∫ T
0 (1/p
i
t)dt has finite exponential moments of sufficiently high order
for any i ∈ JdK. Consistently with the fact that both p and q are random, the control process
α is also assumed to be progressively-measurable with respect to F and, in the resulting MFG
with a common noise, the cost (2.1) is averaged out with respect to the expectation E, namely
the cost functional becomes
inf
α=(αt)0≤t≤T
Jε,ϕ(α;p), Jε,ϕ(α;p) = E
[∫ T
0
∑
i∈JdK
qit
(
Li(αt) + f
i(pt)
)
dt+
∑
i∈JdK
qiTg
i(pT )
]
.
(2.6)
The reader must pay attention to the superscript ϕ right above. Indeed, in addition to
the common noise, the intensity of which is denoted by the positive parameter ε in (2.5)
(which we take in (0, 1] in the sequel), the other main feature of (2.5) is the additional ϕ
therein: From now on, we may no longer assume it to be zero. As we alluded to, ϕ is
actually intended to induce a repulsive drift that forces equilibria (dynamics of equilibria are
obtained by taking p = q in (2.5)) to stay away from the boundary of the simplex, whenever
p0 ∈ Int(Sd) –we return to this point in the next subsection–, which explains in the end why
we are allowed to divide by pit in the right-hand side of (2.5). To achieve this goal and apply
the results of [1], it suffices for the moment to assume that ϕ is a non-increasing smooth
function such that
ϕ(r) =
{
κ, if r ∈ [0, θ],
≥ 0, if r > θ. (2.7)
Here, κ and θ are two additional positive parameters that permit to tune the intensity of the
drift induced by ϕ. In this framework, assuming that f and g have suitable Hölder regularity
(we return to this point next), the main result of [1] may be summarized as follows: there
exists a constant κ1 > 0 only depending on ‖f‖∞, ‖g‖∞, T and d, such that for any ε ∈ (0, 1],
θ > 0 and κ ≥ κ1/ε2, for any initial condition p0 such that pi0 > 0 for any i ∈ JdK, the MFG
associated with the dynamics (2.5) and with the cost functional (2.6) is uniquely solvable.
2.2. Potential structure. As announced in Introduction, our main objective in this paper
is to provide a selection criterion for the original MFG (2.1)–(2.2) –so without common noise
and outside any monotonicity condition– by letting the intensity ε tend to 0 and the support
of ϕ shrink to the boundary of the simplex in (2.5) and (2.6). This is however a very ambitious
program that goes far beyond the single scope of this paper. Indeed, due to the numerous
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singularities that may emerge when taking the limit ε → 0 (the fact that (2.1)–(2.2) is not
uniquely solvable makes a strong evidence for the existence of such singularities), there are
indeed no good stability properties for the solutions to (2.5)–(2.6) when ε is small. To reduce
much of the complexity, we here restrict ourselves to the so-called potential case. Following
[7, 32, 44], we hence assume that the coefficients f and g derive from smooth potentials F
and G. Roughly speaking, this means that
f i(p) =
∂F
∂pi
(p), gi(p) =
∂G
∂pi
(p), p ∈ Sd, (2.8)
but this writing is not completely satisfactory: In order to give a meaning to the two
derivatives in the right-hand side above, both F and G must be in fact defined on an
open subset of Rd containing Sd –recall that the latter is a (d−1)-dimensional manifold–
. In case when F and G are just defined on the simplex, we may use instead the in-
trinsic derivative on the simplex, which identifies with a (d−1)-dimensional instead of d-
dimensional vector. We refer to [1, Subsection 3.2.1] for the definition of intrinsic deriva-
tives, but say to clarify that, whenever F is differentiable on a neighborhood of the simplex
in Rd, the intrinsic gradient DF = (d1F, . . . , ddF ) ∈ Rd of F is simply given by the or-
thogonal projection of the d-dimensional gradient ∇F onto the orthogonal space to the
d-dimensional vector 1 = (1, · · · , 1), which is the tangent space to the simplex. Hence we
define DF = ∇F − 1d〈∇F,1〉1, and, when F is just defined on the simplex, the intrinsic
derivative is defined by the same formula, but rewritten as
diF (p) = ∂ε
[
F
(
p+ ε(ei − e¯)
)]
|ε=0, p ∈ Int(Sd), i ∈ JdK.
In the above definition, ei is defined as the ith vector of the canonical basis of R
d and e¯
as e¯ := (e1 + · · · + ed)/d; in particular, ei − e¯ is a tangent vector to the simplex. From
the construction, we have
∑
i∈JdK diF = 0. Therefore, from now on we assume that, for any
i ∈ JdK and p ∈ Int(Sd),
diF (p) = f
i(p)− 1
d
∑
j∈JdK
f j(p), diG(p) = g
i(p)− 1
d
∑
j∈JdK
gj(p). (2.9)
Note that this is satisfied in case F is differentiable in a neighbourhood of Sd in Rd and (2.8)
holds, but (2.9) is slightly more general than (2.8) because, roughly speaking, it involves d−1
entries instead of d. In particular, we will see in Subsection 2.6 that any two state mean field
game is potential, in the sense that we can always find F and G satisfying (2.9).
A very appealing fact with potential games –without common noise– is that they are
naturally associated with a control problem. Actually, this connection is a general fact in
game theory and it goes far beyond the single scope of MFGs. In the specific framework of
MFGs, the underlying control problem is an MFCP, as we pointed out in introduction. In
our setting –and once again without common noise–, the MFCP takes the form:
inf
α=(αt)0≤t≤T
J (α), J (α) =
∫ T
0
(∑
i∈JdK
qitL
i(αt) + F (qt)
)
dt+G(qT ), (2.10)
where, as in (2.10), q = (qt)0≤t≤T is a deterministic trajectory solving (2.2) subjected to
the initial condition q0 = p0, for some given p0 ∈ Sd, and to the deterministic control
α = ((αi,jt )i,j∈JdK)t≥0 satisfying the constraint (2.3). For conveniency, we also assume that
admissible controls are bounded, meaning that αi,j ∈ L∞(0, T ) (see footnote 9 for more
details). The connection between the MFCP (2.10)–(2.2) and the MFG (2.1)–(2.2) has
been widely addressed in the literature, see for instance [7, 44] for continuous state MFGs
and [29, 32] for finite state MFGs. Generally speaking, it says that any optimal trajectory
p = (pt)0≤t≤T to (2.10)–(2.2) that stays away from the boundary of the simplex solves the
MFG associated with (2.1)–(2.2). However –and this is the starting point of our paper–, there
are known instances of MFG equilibria that are not minimizers of the corresponding MFCP,
see Subsection 2.6 below for a benchmark example. In this regard, our main result here
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is precisely to construct a selection procedure that rules out these non-minimal equilibria,
meaning that rules out solutions p to the MFG (2.1)–(2.2) that are not optimal trajectories
of (2.10)–(2.2). Using the same terminology as in the previous subsection, our strategy is
to associate with the inviscid MFG, which is hence an inviscid potential game, a viscous
potential game with the following four features:
(1) The viscous potential game is associated with a viscous MFCP – that is a MFCP
with a common noise of intensity ε–, in the sense that any minimizer –we prove that
they do exist– of the viscous MFCP is an equilibrium of the viscous potential game;
(2) The viscous potential game is uniquely solvable, hence implying that its unique so-
lution, say pε,ϕ, is also the unique optimal trajectory of the viscous MFCP;
(3) The optimal trajectory pε,ϕ converges in the weak sense, as the viscosity ε2 tends
to 0, to a probability distribution M on C([0, T ];Sd) that is supported by the set of
optimal trajectories of the inviscid MFCP;
(4) The cost functional of the viscous potential game, which is in the end a variant
of Jε,ϕ in (2.6), converges in a suitable sense to the cost functional J in (2.1). In
particular, the equilibrium cost of the viscous potential game converges to the mean
of the equilibrium costs of the inviscid potential game under the limiting distribution
M.
The combination of the first three items reads as a selection principle since it rules out
equilibria of (2.1)–(2.2) that are not optimizers of (2.10)–(2.2), whilst the last item guar-
antees some consistency in our approach as it says that the cost functional underpinning
the approximating viscous potential game is itself a good approximation of the original cost
function J in (2.1). Although this strategy looks quite natural, it is in fact rather subtle.
The major obstacle is that, as we already said, the pair (2.5)–(2.6) is not a potential game,
hence advocating for the search of a version that derives from a potential.
Before we elucidate the form of the viscous potential game, we stress the fact that, at
the end of the day, we are not able to address the limit of (2.5)–(2.6) –in its primary non-
potential version–. This might seem rather disappointing for the reader, but, once again,
this should not come as a suprise: Even though the viscous potential game has, as we clarify
below, a structure that is very close to (2.5)–(2.6), the lack of any good stability estimate
on (2.5)–(2.6) for ε small, makes really challenging the analysis of the distance between the
solutions to (2.5)–(2.6) and the solutions to the viscous potential game defined below.
Our first step in the construction of a suitable viscous potential game is the construction
of the viscous MFCP itself. To do so, we elaborate on [1]. Following (2.10), we can indeed
associate with the dynamics (2.5) a stochastic control problem, which we precisely call viscous
MFCP. It has the following form:
inf
α=(αt)0≤t≤T
J ε,ϕ(α), J ε,ϕ(α) = E
[∫ T
0
(∑
i∈JdK
pitL
i(αt) + F (pt)
)
dt+G(pT )
]
, (2.11)
where p = (pt)0≤t≤T solves the α-driven SDE
dpit =
∑
j 6=i
(
pjt (ϕ(p
i
t) + α
j,i
t )− pit(ϕ(pjt ) + αi,jt )
)
dt+
ε√
2
∑
j 6=i
√
pitp
j
t
(
dBi,jt − dBj,it
)
, (2.12)
for i ∈ JdK and t ∈ [0, T ], with q0 = p0 as initial condition, and, as before, α is an F-
progressively measurable process satisfying (2.3) except for the fact that, for purely technical
reasons, we will rescrit ourselves to processes whose off-diagonal coordinates are bounded by
a constant M that is explicitly given in terms of f , g and T (even though (2.3) just implies
that the diagonal coordinates are bounded by (d−1)M , we will say abusively that such
processes are bounded by M). The function ϕ is chosen as in (2.7) and the initial condition
p0 belongs to the interior of the simplex. Such a condition on p0 will be always assumed
in the rest of the paper, the main reason being that it permits to apply results from [1]:
By Proposition 2.1 therein, the SDE (2.12) (which is usually called a Wright-Fisher SDE) is
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uniquely solvable in the strong sense if κ ≥ ε2/2 and the solution remains in the interior of the
simplex, and further, by Proposition 2.2 (also in [1]),
∫ T
0 (1/p
i
t)dt has exponential moments of
sufficiently high order, if κ is large enough. We recall that this latter integrability condition
is necessary for the well-posedness of (2.5).
In this framework, our first main result has some interest in its own, independently of the
aforementioned selection principle. The functional spaces to which F and G are assumed
to belong, and to which the value function is proved to belong, are defined in details in the
Appendix, by means of local charts. These are called Wright-Fisher, as introduced in [25],
and are used in [1] to prove well posedness of the MFG master equation. We just say here
that:
(1) C0,γWF(Sd) consists of continuous functions on Sd that are γ-Hölder continuous up to the
boundary with respect to the metric associated with the Wright-Fisher noise in (2.12);
accordingly, C1,γWF(Sd) consists of continuous functions on Sd that are continuously
differentiable in Int(Sd), with Hölder continuous derivatives up to the boundary;
both spaces are equipped with norms ‖ · ‖WF,0,γ and ‖ · ‖WF,1,γ ;
(2) for k = 0, 1, Ck,2+γWF (Sd) consists of continuous functions on Sd that are 2+k times
continuously differentiable in Int(Sd), with derivatives satisfying a suitable behaviour
at the boundary and a suitable Hölder regularity that depend on the order of the
derivative; in particular, the derivatives of order 1 (if k = 0) and of order 1 and 2 (if
k = 1) are Hölder continuous up to the boundary, but the derivative of order 2 + k
(i.e. 2 if k = 0 and 3 if k = 1) may blow up at the boundary and be only locally
Hölder continuous in the interior; both spaces are equipped with norms ‖ · ‖WF,0,2+γ
and ‖ · ‖WF,1,2+γ ;
(3) C0,γWF([0, T ] × Sd) and Ck,2+γWF ([0, T ] × Sd) are the parabolic versions of C0,γWF(Sd), and
Ck,2+γWF (Sd); while the former consists of functions on [0, T ] × Sd that are Hölder
continuous for a suitable metric, the latter consists of continuous functions on [0, T ]×
Sd that are continuously differentiable in time t ∈ [0, T ] and that are 2+k times
continuously differentiable in space in Int(Sd), with derivatives satisfying a suitable
behaviour at the boundary and a suitable Hölder regularity; in particular, the time
derivative and the space derivatives up to order 1+k are Hölder continuous up to the
boundary but the derivative of order 2+k may blow up at the boundary; the norms
are also denoted by ‖ · ‖WF,0,γ and ‖ · ‖WF,k,2+γ (below, the norm is understood as
being for the parabolic space if the function in argument of the norm is time-space
dependent).
Throughout the sequel, the parameter γ ∈ (0, 1) is fixed.
Theorem 2.1. Recall (θ, κ) from (2.7). If F ∈ C1,γWF(Sd) and G ∈ C1,2+γWF (Sd), then there
exists a constant κ1 > 0 only depending on ‖f‖∞, ‖g‖∞, T and d, such that for any ε ∈ (0, 1],
θ > 0 and κ ≥ κ1/ε2, and any initial state p0 in Int(Sd), the MFCP (2.11)–(2.12) set
over F-progressively measurable processes α that are bounded by M = 2(‖g‖∞ + T‖f‖∞)
has a unique solution. Moreover, there exists γ′ ∈ (0, γ], possibly depending on ε and κ,
such that the corresponding Hamilton-Jacobi-Bellman equation has a unique solution Vε,ϕ in
C1,2+γ′WF ([0, T ] × Sd).
The proof of this result is given in Section 3, see Theorem 3.2. Generally speaking and us-
ing the notation D = (dj)j∈JdK and D2 = (dj,k)j,k∈JdK for the first and second order derivatives
on the simplex –the second derivative being defined similarly to the first, see Subsection 3.1
for a short account and [1, Subsection 3.2.1] for more details–, the Hamilton-Jacobi-Bellman
(HJB) equation has the following form:{
∂tV +HϕM (p,DV) + F (p) + ε
2
2
∑
j,k∈JdK(pjδj,k − pjpk)d2j,kV = 0,
V(T, p) = G(p), (2.13)
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for (t, p) ∈ [0, T ]×Sd, where HϕM is an Hamiltonian term depending explicitly on ϕ and M ,
the precise form of which is not so relevant at this early stage of the paper and will be just
given in the sequel of the text, see (3.3). In fact, we feel more useful for the reader to be aware
of the key fact that, here, this HJB equation is shown to have a unique classical solution.
Obviously, this is a strong result that is true because of the presence of the common noise
and, in particular, that bypasses any use of convexity on F and G (and hence of monotonicity
on f and g). The proof makes use of the smoothing properties obtained in [25] and [1] for so-
called Kimura diffusions that are second-order diffusion operators on the simplex: In (2.13),
the second-order structure manifests through the operator ε
2
2
∑
j,k(pjδj,k − pjpk)d2j,k, which
is –and this is the main difficulty in the analysis– degenerate at the boundary of the simplex.
The latter explains why we need the forcing ϕ to be sufficiently strong –see the condition
κ ≥ κ1/ε2 in the statement– in order to guarantee for the existence of a classical solution.
Our second main result is to prove that there is a uniquely solvable MFG that derives
from the viscous MFCP. Noticeably, this is a non-trivial fact. The reason is that, because
of the presence of stochastic terms in (2.12), the standard computations that permit to pass
from inviscid MFCPs to inviscid potential games are no longer true. To wit, the result below
says that the shape of the cost of the viscous potential game is not the same as the shape of
the cost of the original inviscid one.
Theorem 2.2. Take F , G, and M as in the statement of Theorem 2.1. Then, there exists
κ2 ≥ κ1, only depending on ‖f‖∞, ‖g‖∞, T and d, such that, for any ε ∈ (0, 1], any θ > 0
and any κ ≥ κ2/ε2, we can find a time-dependent coefficient ϑε,ϕ : [0, T ] × Sd → Rd that
is continuous on [0, T ] × Sd, such that, for any initial condition p0 ∈ Int(Sd), the optimal
trajectory pε,ϕ of the MFCP (2.11)–(2.12) is also the unique equilibrium of the MFG with
common noise driven by the p-dependent cost functional
J˜ε,ϕ(α;p) = E
[∫ T
0
∑
i∈JdK
qit
(
Li(αt) + f
i(pt) + ϑ
i
ε,ϕ(t, pt)
)
dt+
∑
i∈JdK
qiTg
i(pT )
]
, (2.14)
defined over pairs (q,α) solving (2.5), for F-progressively measurable processes α that are
bounded by M , and over F-adapted continuous processes p that take values in Int(Sd).
The statement of Theorem 2.2 deserves some explanations. First, we feel useful to specify
the definition of an equilibrium in our framework:
Definition 2.3. With the same notation as in Theorem 2.2 (in particular κ large enough), an
F-adapted continuous process p with values in Sd is said to be an equilibrium if the following
two properties are satisfied:
(i) There exists an M -bounded and F-progressively measurable process α such that p solves
the SDE (2.12) –obtained by equalizing p and q in (2.5)–, with p0 as initial condition;
(ii) For any other M -bounded and F-progressively measurable process β for which (2.5) is
uniquely solvable, J˜ε,ϕ(α,p) ≤ J˜ε,ϕ(β,p).
In particular, from item (i) in the above definition, p in (2.14) is implicitly required to solve
(2.12) for someM -bounded and F-progressively measurable control process (even though this
control is denoted by α in (2.12), we feel better not to use this notation here in order to
distinguish from the control α used in (2.14), which stands for the control used in (2.5)).
Also, as recalled above, it is proven in [1, Proposition 2.2 and 2.3] that, whatever the choice
of the control in (2.12), the solution p is uniquely defined, provided that κ in (2.7) is greater
than some threshold κ0ε
2, with κ0 only depending on the dimension; moreover,
∫ T
0 (1/p
i
t)dt
has exponential moments of sufficiently high order so that (2.5) always has a unique solution
that is square-integrable, whatever the choice of α therein (here, α fits α in (2.14)). In
particular, under the assumption of Theorem 2.2 (κ large enough), we should not worry for
the exponential integrability of
∫ T
0 (1/p
i
t)dt, for i ∈ JdK, nor for the well-posedness of (2.5)
when p in (2.14) (and hence pε,ϕ itself) is a candidate for solving the MFG.
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The proof of Theorem 2.2 in given in Section 4, together with the precise definition of
the additional cost ϑ; see Theorem 4.1 and (4.6). As for the latter, it is certainly fair to say
that the definition of ϑ is implicit, meaning that it depends on V itself, which might seem
a bit disappointing but looks in the end inevitable. As for the proof itself, it relies on a
variant of the argument used in [1], the main point being to take benefit of the smoothness
of the solution to the HJB equation (2.13) in order to identify the equilibria. In this regard,
a key step in the proof is to expand (as in a verification argument) the intrinsic gradient1
Vε,ϕ = DVε,ϕ of the value function Vε,ϕ – solving the HJB equation (2.13)– along any possible
equilibrium p. This allows us to prove that, whatever the equilibrium p, the optimal solution
to J˜ε,ϕ( · ;p) is in the form
(αε,ϕ,pt )
i,j = a⋆
(
diVε,ϕ(t, pt)− djVε,ϕ(t, pt)
)
, t ∈ [0, T ], i 6= j, (2.15)
where
a⋆(r) =

0 if r < 0,
z if r ∈ [0,M ],
M if r > M.
(2.16)
By plugging (2.15) into (2.12), we get that any equilibrium satisfies the same SDE. Thanks
to the smoothness properties we have on DVε,ϕ, the latter is uniquely solvable, hence the
uniqueness property. See Section 4 for more details.
2.3. Selection. The next step in our program is to address the asymptotic behavior of the
equilibria (pε,ϕ)ε,ϕ as ε tends to 0 and the support of ϕ shrinks to the boundary of the
simplex. In this regard, one difficulty is that, in the statements of both Theorems 2.1 and
2.2, the function ϕ is implicitly required to become larger and larger, as ε tends to 0, on
the interval [0, θ]. Equivalently, the constant κ therein blows up as ε tends to 0. Obviously,
this looks a serious hindrance for passing to the limit. In Section 5 below, we bypass this
difficulty by using the fact that, in the limit, the solutions of the Fokker-Planck equation
(2.2) without common noise cannot reach the boundary when starting from the interior of
the simplex, and in fact the solution stays away from the boundary with an explicit threshold
(this advocates once more for taking p0 in Int(Sd)). Also, for the subsequent analysis, we
introduce a new parameter δ, which is understood below as the half length of the support of
ϕ: In short, θ should be understood as the half length of the interval on which ϕ blows up as
ε tends to 0 (as explained right above) and δ for the half length of the interval on which it is
non-zero, see (5.1) for the details. Obviously θ ≤ δ (in fact, we even require 2θ ≤ δ); also, δ
is taken small in the sequel. The dependence of the solution pε,ϕ on δ, θ and κ is implicitly
written as a dependence upon ϕ. We then get the following result, which holds without any
further condition on θ and δ, so that δ can be taken as θ:
Theorem 2.4. Let the assumptions of both Theorems 2.1 and 2.2 be in force and, with the
same notation as in (2.15), let
αε,ϕt := α
ε,ϕ,pε,ϕ
t , t ∈ [0, T ].
Then, for any initial condition p0 ∈ Int(Sd), there is a constant δ0 > 0 such that the family of
laws (P◦(pε,ϕ,αε,ϕ)−1)ε∈(0,1],δ∈(0,δ0),2θ≤δ is tight in P(C([0, T ];Rd)× L2([0, T ]; [−dM, dM ]d
2
)),
the first factor being equipped with the topology of uniform convergence and the second one
with the weak topology. Moreover, any weak limit M, as ε and δ tend to 0, is supported by
pairs (p,α) that minimize the cost functional J in (2.10), with p = q therein, with p0 as
initial condition.
1Consistently with the notation ϑ in Theorem 2.2, we here put the parameters ε and ϕ in subscripts as
we sometimes write V iε,ϕ for denoting the coordinates of Vε,ϕ; even though Vε,ϕ is scalar-valued, we feel more
consistent to use the same convention for it.
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The proof is given in Subsection 5.1, together with the precise definition of the function
ϕ that we use; see Theorem 5.1. It is worth mentioning that the inviscid MFCP may have a
unique minimizer even though the MFG has several equilibria. To wit, we provide an example
in Subsection 2.6. In such a case, the probability M in the above statement reduces to one
point and the family (P◦(pε,ϕ,αε,ϕ)−1)ε∈(0,1],δ∈(0,δ0),2θ≤δ converges to the unique pair (p,α)
minimizing the cost functional J in (2.10) (with q = p therein). As explained in the next
subsection, it happens quite often that the minimizer of the inviscid MFCP is unique: For
almost every (t, p) ∈ [0, T ]× Int(Sd), the MFCP (2.11)–(2.2) has a unique solution whenever
q in (2.2) starts from p at time t. These are the points in which the value function of the
inviscid MFCP is differentiable, thus they have full measure since the value function can be
shown to be Lipschitz in time and space, see Proposition 5.2.
Back to the statement of Theorem 2.2, we get the announced limiting behavior for the
equilibria therein. Anyhow, the reader may also wonder about the behavior of the cost
functional J˜ε,ϕ in (2.14) as ε tends to 0 and the support of ϕ shrinks to the boundary (and
hence δ vanishes). In fact, this asks us to revisit the shape of the coefficient ϑε,ϕ, which is
certainly the most intriguing term therein, see again Section 4. Importantly, we learn from
its construction that, in order to control the impact of ϑε,ϕ accurately in the cost functional
J˜ε,ϕ, we cannot play for free with ε, δ and θ at the same time –the three of them popping
up in the definition of ϕ–. The reason is that, even though this may only happen with small
probability, the process pε,ϕ may visit the neighborhood of the boundary of the simplex
where the function ϕ is non-zero. Even more, ϕ may become very large when ε tends to 0.
Since the geometry of this neighborhood of the boundary of the simplex is determined by δ
and θ, this explains why some trade-off between ε, δ and θ is necessary when averaging out
the cost functional ϑε,ϕ with respect to all the possible trajectories of p
ε,ϕ. In this context,
the following result says that we can tune both δ, θ and ϕ in terms of ε such that, along the
equilibrium, the influence of ϑε,ϕ vanishes as ε tends to 0:
Proposition 2.5. Let the assumptions of both Theorems 2.1 and 2.2 be in force. Then, for
any ε ∈ (0, 1], we can choose δ as δ = δ̂(ε) and θ as θ = θ̂(ε) ≤ δ̂(ε)/2, for some (strictly)
positive-valued functions δ̂ and θ̂, with 0 as limit in 0, and then ϕ = ϕ̂(ε) in (2.7), such that
all the assumptions required in the statements of Theorems 2.1 and 2.2 are satisfied together
with the following limit:
lim
ε→0
E
[∣∣∣∣ ∫ T
0
∑
i∈JdK
q
i,ε,ϕ̂(ε)
t ϑ
i
ε,ϕ̂(ε)
(pε,ϕ̂(ε))dt
∣∣∣∣
]
= 0,
for any p0 ∈ Int(Sd) and q0 ∈ Sd, where qε,ϕ̂(ε) solves (2.5) with initial condition q0 and
p = pε,ϕ̂(ε) therein.
In the statement, it is implicitly understood that ϕ̂(ε) is parametrized by θ̂(ε) and δ̂(ε)
(see the discussion above Theorem 2.4 for the meaning of these two parameters). As for the
proof, it is given in Subsection 5.3, see Proposition 5.9 and Theorem 5.11. For sure, the
above result says that supα:|αt|≤M |J˜ε,ϕ̂(ε)(α,pε,ϕ̂(ε)) − EJ(α,pε,ϕ̂(ε))| tends to 0 as ε tends
to 0. Since the sequence of laws (P ◦ (pε,ϕ̂(ε),αε,ϕ̂(ε))−1)ε∈(0,1] is tight in the same space as
in the statement of Theorem 2.4, we deduce that, along any converging subsequence (still
indexing the latter by ε) with M as weak limit2 ,
lim
ε→0
J˜ε,ϕ
(
αε,ϕ̂(ε);pε;ϕ̂(ε)
)
= EM
[
J(α;p)
]
, (2.17)
where EM denotes the expectation under M. At this stage, we recall from Theorem 2.4 that,
under the probability M, almost every path (p,α) – understood as the canonical processes
2It looks like (2.17) could be recast differently, in a fashion closer to Γ-convergence, but this would ask for
more materials in the text and we would make little use of it in the end. Instead, our formulation suffices to
address the convergence of the solution to the master equation, which is a key point in our paper.
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in C([0, T ];Rd)×L2([0, T ]; [−dM, dM ]d2 )– forms an equilibrium of the original inviscid MFG
(2.1)–(2.2). In particular, J(α;p) is nothing but J⋆(p) = infβ J(β;p), the infimum being
here taken over all the deterministic processes β, see (2.1). At the end of the day, we may
interpret the right-hand side as a mean over the values of the equilibria of the inviscid MFG.
Obviously, the argument inside the limit symbol in the left-hand side is also the value of the
unique equilibrium of the viscous MFG, hence proving that the limit points of the values of
the viscous MFGs are means over the values of the inviscid MFG. Importantly, the probability
M here just charges the minimizers of the inviscid MFCP: In case when the inviscid MFCP
has a unique solution, the expectation EM[J(α,p)] then reduces to infα J(α;p), where p is
the unique minimal path of the inviscid MFCP.
2.4. Master equation. It is worth recalling that the value of an MFG –at least when the
latter is uniquely solvable– has a nice interpretation in terms of the solution of a partial
differential equation set on the space of probability measures. This equation, see for instance
[30, 31] and [13, Chapter 7] for finite state MFGs and [7, 4, 14, 9, 19] for continuous state
MFGs, is usually known as the master equation for the underlying MFG and should be un-
derstood as the asymptotic version, as the number of players tends to∞, of the Nash system
associated with the finite N -player game. Our first main result in this direction concerns the
master equation of the viscous MFG: It is here a system of second-order partial differential
equations on the simplex, driven by the same Kimura operator as the HJB equation (2.13).
It has the following general form:
∂tU
i +HM
(
(U i − U j)j∈JdK
)
+
∑
j∈JdK
ϕ(pj)(U
j − U i) + (f i + ϑi,ε,ϕ)(t, p)
+
∑
j,k∈JdK
pk
[
ϕ(pj) + (U
k − U j)+
](
djU
i − dkU i
)
+ε2
∑
j∈JdK
pj
(
diU
i − djU i
)
+ 12ε
2
∑
j,k∈JdK
(
pjδj,k − pjpk
)
d2j,kU
i = 0,
U i(T, p) = gi(p),
(2.18)
for (t, p) ∈ [0, T ] × Sd, where HM is the Hamiltonian:
HM(w) =
∑
j∈JdK
{
−a⋆(wj)wj + 12 |a⋆(wj)|2
}
, w ∈ Rd, (2.19)
with a⋆ as in (2.16). A key fact –which we implicitly use in our text– is that, under the
assumption of Theorem 2.2, this master equation has a unique classical solution (with a
suitable behaviour at the boundary, see the definition of the so-called Wright-Fischer spaces
in Appendix): This result is mostly due to [1]. Given a classical solution Uε,ϕ = (U
i
ε,ϕ)i∈JdK
to (2.18), the value of the viscous MFG, when initialized from a state p ∈ Int(Sd) at some
time t ∈ [0, T ), is given by ∑i∈JdK piU iε,ϕ(t, p). In other words, U iε,ϕ(t, p) is nothing but
infα J˜
ε,ϕ(α;pε,ϕ) whenever pε,ϕ is initialized from p at time t and q in (2.5) is initialized at
time t from (qjt = δi,j)j∈JdK.
Due to the potential structure of the game, there is in fact a strong connection between the
HJB equation (2.13) and the master equation (2.18). We can not have directly U iε,ϕ(t, p) =
diVε,ϕ(t, p) for any i ∈ JdK, because the intrinsic gradient sum to zero, while the functions
U iε,ϕ do not. This is by the way part of the difficulty in proving Theorem 2.2, see Section 4.
What we can show is that
U iε,ϕ(t, p)− U jε,ϕ(t, p) = diVε,ϕ(t, p)− djVε,ϕ(t, p), (2.20)
for t ∈ [0, T ], p ∈ Int(Sd) and i, j ∈ JdK, which is reminiscent of [9, Theorem 3.7.1] (in
the sense that, heuristically, space derivatives in continuous state space are replaced here
by differences). Notably, (2.20) sufficies to prove that the MFG and the MFCP have the
same solution, because the optimal control is given by (2.15). Interestingly, Proposition 2.5
provides a way to pass to the limit for Uε,ϕ. In case when the inviscid MFCP (2.10)–(2.2) has
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a unique minimizer initialized from p at time t, Proposition 2.5 implies that the limit of U iε,ϕ
(provided that δ is chosen as δ = δ̂(ε), θ as θ = θ̂(ε) and ϕ as ϕ = ϕ̂(ε)) is U i(t, p), where now
U i(t, p) stands for infα J(α;p) with p denoting the unique minimizer of the inviscid MFCP
initialized from p at time t and q in (2.2) being initialized at time t from (qjt = δi,j)j∈JdK.
Obviously, a natural question is to relate such a limit U with the value function V of the
inviscid MFCP (2.10), where, for (t, p) ∈ [0, T ]×Sd, V(t, p) is defined as infα J (α) whenever
q in (2.2) starts from p at time t. We manage to prove (see Theorem 6.2) that V is the
unique Lipschitz viscosity solution of the following HJB equation:{
∂tV +
∑
k,j∈JdK pkH
(
dkV − djV
)
+ F (p) = 0,
V(T, p) = G(p), (t, p) ∈ [0, T ] × Sd, (2.21)
where H is the Hamiltonian associated to L in (2.4), namely
H(u) = −12
∑
j∈JdK
(uj)
2
+, u ∈ Rd. (2.22)
Pay attention that there is no condition on the boundary of the simplex, see Definition 6.1
for the details. Obviously, (2.21) should be regarded as the inviscid version of the equation
(2.13) (up to the fact that controls are truncated by M in the latter, but this may be in
fact easily handled by using the fact that optimal controls to (2.1) are bounded by M , see
Proposition 5.2). Importantly, V is shown to be Lipschitz continuous in time and space, see
if needed Proposition 5.2 in the core of the text. Hence, it is almost every differentiable in
[0, T ] × Sd, which plays a crucial role in our analysis: We also prove in Proposition 5.2 that
the inviscid MFCP has a unique solution when it is initialized from p ∈ Int(Sd) at time t
such that V is differentiable in (t, p) –and hence for almost every (t, p) ∈ [0, T ] × Int(Sd)–,
which permits to pass to the limit (as ε tends to 0) in DVε,ϕ almost everywhere in time and
space in (2.20) (the simplex being equipped with the (d−1) Lebesgue measure). To this
end, we need to make the slightly stronger assumption that F ∈ C1,1(Sd), meaning that f
is Lipschitz continuous (on Sd and hence up to the boundary), in order to ensure that V is
semiconcave; see again Proposition 5.2.
We build on this idea to obtain the following:
Theorem 2.6 (Part I). Under the same assumption and notation as in the statement of
Proposition 2.5, we have
lim
ε→0Vε,ϕ̂(ε) = V locally uniformly in [0, T ] × Int(Sd), (2.23)
and, moreover, if in addition F ∈ C1,1(Sd),
lim
ε→0
DVε,ϕ̂(ε) = DV a.e. in [0, T ]× Int(Sd) and in [L1loc([0, T ] × Int(Sd))]d. (2.24)
This is the most technical and demanding result of the paper, and is proved is Subsection
5.3, see Theorem 5.11; notice that, in the end, we can not prove convergence at any points
of differentiability of V, but just almost everywhere. Passing to the limit in (2.20), equations
(2.26) and (2.24) provides a strong form of selection for the value of the inviscid MFG. In
the above notations, it says that, for almost every (t, p) ∈ [0, T ]×Sd, the value U(t, p) of the
game that is selected is given by the derivative of V, namely
U i(t, p)− U j(t, p) = diV(t, p)− djV(t, p), (2.25)
for any i, j ∈ JdK. At first sight, it looks like that only finite differences of the vector
(U1(t, p), · · · , Ud(t, p)) are hence selected. In fact, we can reconstruct a posteriori the full-
fledge collection (U i(t, p))i∈JdK by observing that each U i(t, p) should coincide with the opti-
mal cost to (2.1) when p is the minimizer of the inviscid MFCP (which is unique for almost
every initial point (t, p)) and when q in (2.2) starts from the Dirac point mass in i at time
t. Hence we may complement Theorem 2.6 in the following way, which is also proved in
Theorem 5.11:
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Theorem 2.6 (Part II). Under the same assumption and notation as in the statement of
Proposition 2.5 and provided that F ∈ C1,1(Sd), we have
lim
ε→0
Uε,ϕ̂(ε) = U a.e. in [0, T ]× Int(Sd) and in [L1loc([0, T ] × Int(Sd))]d, (2.26)
where, for any initial condition (t, p) ∈ [0, T ] × Int(Sd) from which the inviscid MFCP has
a unique optimal trajectory p, U i(t, p) is defined as infα J(α;p) in (2.1), the problem being
set over the time interval [t, T ] and q in (2.2) starting from qt = (q
j
t = δi,j)j∈JdK.
2.5. Weak solution to the master equation. The last step in our program is hence to
provide an intrinsic approach to the relationship (2.25) by addressing directly the master
equation of the inviscid MFG. The latter writes (see for instance [28, 29] and [13, Chapter
7]):{
∂tU
i +H
(
(U i − U j)j∈JdK
)
+ f i(p) +
∑
j,k∈JdK pk(Uk − U j)+
(
djU
i − dkU i
)
= 0,
U i(T, p) = gi(p),
(2.27)
for i ∈ JdK, which is informally obtained by taking ϕ ≡ 0 and ε = 0 in (2.18). Recasted
in terms of the centered value functions (U˚ i := U i − U¯)i∈JdK, with U¯ = 1d
∑
j∈JdK U j , (2.27)
becomes: ∂tU˚ i + H˚ i
(
(U˚ j − U˚k)j,k∈JdK
)
+ f˚ i(p) +
∑
j,k∈JdK pk(U˚k − U˚ j)+
(
djU˚
i − dkU˚ i
)
= 0,
U˚ i(T, p) = g˚i(p),
(2.28)
for i ∈ JdK, where we have let
H˚ i
((
uj,k
)
j,k∈JdK
)
:= H
((
ui − uj)
j∈JdK
)
− 1d
∑
j∈JdK
H
((
uj − uk)
k∈JdK
)
,
and similarly f˚ i(p) = f i(p) − 1d
∑
j∈JdK f j(p) and g˚i(p) = gi(p) − 1d
∑
j∈JdK gj(p). As we
have already explained, the master equation is typically non-uniquely solvable (see the next
subsection for a benchmark example). The question for us is thus to rephrase (2.25) as a
uniqueness result for the master equation –or at least for its centered version (2.28)– within
a well-chosen class of functions. Loosely speaking, we succeed to obtain such a result in
Section 6 below but for the conservative form of (2.28), namely ∂tU˚ i + H˚ i
(
(U˚ j − U˚k)j,k∈JdK
)
+ f˚ i(p)− 12
∑
j,k∈JdK pkdi
[
(U˚k − U˚ j)2+
]
= 0,
U˚ i(T, p) = g˚i(p),
(2.29)
for i ∈ JdK. Clearly, the two equations (2.27) and (2.29) may be identified within the class
of differentiable functions U˚ that satisfy, for any i, j, k ∈ JdK,
−1
2
di
[(
U˚k − U˚ j)2
+
]
=
(
U˚k − U˚ j)
+
(
djU˚
i − dkU˚ i
)
,
which indeed holds true if, for any i, j ∈ JdK,
diU˚
j = djU˚
i. (2.30)
As we clarify in Section 6, identity (2.30) guarantees that U˚ derives –in space– from a
potential, meaning that U˚ i(t, p) = diV˚(t, p) for some real-valued function V˚ defined on [0, T ]×
Sd. As a byproduct, it prompts us to regard the conservative formulation (2.29) of the master
equation as the derivative system obtained by applying the operator di, for each i ∈ JdK, to
the HJ equation (2.21). In words, (2.29) may be rewritten as ∂tU˚ i + di
(∑
k,j∈JdK pkH
(
U˚k − U˚ j))+ diF (p) = 0,
U˚ i(T, p) = diG(p),
(2.31)
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for i ∈ JdK. Interestingly enough, the formulation (2.31) makes clear the link between the
HJ equation (2.21) and the master equation, at least when the latter is understood in its
conservative form. For scalar conservation laws, the usual notion of admissibility which
is used to restore uniqueness of weak solutions is the one of entropy solution. In space
dimension 1, which is the case when d = 2 (see next Subsection), the entropy solution to
a scalar conservation law is also shown to be the space derivative of the viscosity solution
of the corresponding HJB equation; see e.g. [36, 45, 6]. However, for hyperbolic systems of
PDEs with multiple space dimension, which is the case here when d ≥ 3, there might be
non-uniqueness of entropy solutions and there are very few results in the literature about
such systems. In particular, system (2.31) is hyperbolic in the wide sense, but not strictly
hyperbolic. Nevertheless, exploiting the connection with the HJB equation (2.21), borrowing
the idea from the paper of Kružkov [38], it is possible to establish uniqueness in a suitable
set of admissible weak solutions. The whole is captured by the following statement3:
Theorem 2.7. Assume that F and G are in C1,1(Sd). The conservative form (2.31) of the
master equation has a unique weak solution that is bounded and weakly semi-concave in space.
This solution is the almost everywhere space derivative of the unique viscosity solution V of
the HJ equation (2.21).
The proof is given in Section 6, see Theorem 6.6. The notions of weak solution and
weak semi-concavity in space are clarified in Definition 6.4 below. In a shell, the proof of
the above statement holds in three steps: The first one is to show that any weak solution
to the conservative form of the master equation derives from a potential; The second one
is to prove that the potential must be an almost everywhere and semi-concave solution
of the HJ equation (2.21); The last step is to identify almost everywhere and semi-concave
solutions with viscosity solutions of (2.21), which are shown to be unique, despite the lackness
of boundary conditions, see Corollary 6.3 below. To put it differently, the striking facts
that we use here to restore a form of uniqueness to the master equation are, on the one
hand, the existence of a potential and, on the other hand, the semi-concavity assumption.
In this regard, it must be fair pointing out that the existence of a potential is somewhat
enclosed in the conservative form of (2.31). In other words, the conservative form not only
permits to address solutions in a weak sense, but it also permits to reduce the space of
solutions to gradient functions. As for the semi-concavity assumption, it plays a crucial
role in the selection: The connection between semi-concave solutions of HJ equations and
entropy solutions of scalar conservation laws has been widely discussed, see for instance the
first chapter in the monograph of Cannarsa and Sinestrari [6] together with the bibliography
therein; In the case of of hyperbolic systems with a potential structure –like (2.31)–, the role
of semi-concavity is exemplified in the earlier paper of Kružkov [38] from which we borrow
part of the proof of Theorem 2.7. For sure, it is also important to say that, in the end, we
are not able to define weak solutions for the non-conservative versions (2.27) and (2.28) of
the master equation. However, we prove in Proposition 6.5 below that classical solutions to
(2.28) are indeed weak solutions to (2.31), the key point being that Schwarz identity (2.30)
holds true for classical solutions to (2.28).
2.6. Example. To illustrate our results, we feel useful to revisit the d = 2 example addressed
in [16] (the reader may also have a look at [3] which shares many features with [16]). Therein,
a selection result is proven by addressing directly the large N behavior of the N -player game,
both in terms of the value functions for the feedback Nash equilibria and of the optimal
trajectories. Although this is certainly a much more satisfactory approach than ours, at
least from a modelling point view, making a detour via the finite case remains however much
more challenging and difficult. To wit, the selection result established in [16] is partial only,
as it leaves open the case when the initial point of the equilibrium is precisely a singular point
3The reader should be aware of the fact that the assumption on G in the statement below is weaker than
what we required in the previous statements, see for instanc
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of the master equation –we go back to this point next–. And most of all, it is by no means
clear –at least for us– how the potential structure we use here could help for addressing the
convergence of the corresponding finite player game in the case d ≥ 3. Actually, this informal
comparison of the tractability of the two limits over N and ε should not come as a surprise
for the reader. Intuitively, it is indeed more difficult to handle the N -player game for a large
N than the ε-viscous game for a small intensity ε of the common noise: Even though their
solutions are randomized, MFGs with common noise indeed share with standard MFGs the
key property that any unilateral deviation from an equilibrium has no influence on the global
state of the population; this turns out to be useful when addressing the asymptotic behavior
–as ε vanishes– and, obviously, this is false for finite games. Noticeably, this argument in
support of the vanishing viscosity approach is exemplified in the paper [24]: Therein, the
authors prove a selection result for linear quadratic games with a continuous state space by
both methods; In this setting, the vanishing viscosity method is clearly the easiest one.
The case d = 2 is very special because any MFG becomes potential. Below, we first provide
a general description of two state mean field games and then we specialize our results to the
example analyzed in [16]. For the same two sets of coefficients (f i)i=1,2 and (g
i)i=1,2 as in
(2.1), we can easily reconstruct two potentials F and G such that
d1F (p) =
f1(p)− f2(p)
2
= −d2F (p), p ∈ S2,
by letting
F (p1, 1− p1) :=
∫ p1
0
(
f1(q, 1− q)− f2(q, 1 − q)
)
dq, p1 ∈ [0, 1],
and similarly for G. Interestingly the centered master equation (2.28), which is a system
in the general case d ≥ 3, becomes a mere equation when d = 2. Indeed, we then have
U˜1 = −U˜2, which implies that (2.28) can be rewritten in terms of the sole U˜1 = (U1−U2)/2.
Accordingly, the conservative version of the master equation takes the form ∂tU˜1 + d1
(
H(p, U˜1))+ 12(f1(p1, 1− p1)− f2(p1, 1− p1)) = 0,
U˜1(T, p) = 12
(
g1(p1, 1− p1)− g2(p1, 1− p1)
)
,
(2.32)
where
−H(p, u) = 2p1(u)2+ + 2(1 − p1)(−u)2+ = 2p1
( |u|+ u
2
)2
+ 2(1 − p1)
( |u| − u
2
)2
= u2 + (2p1 − 1)u|u|.
The latter expression prompts us to change the variable p1 into m = 2p1 − 1 (which should
be thought of as the mean of (p1, p2) if the state space was {1,−1} instead of {1, 2}). Letting
Z(m) := −2U˜1(1+m2 , 1−m2 ) = (U2 − U1)(1+m2 , 1−m2 ), for m ∈ [−1, 1], we can rewrite (2.32)
in the form {
−∂tZ + ∂m
(
mZ|Z|
2 − Z
2
2
)
=f2
(
1+m
2 ,
1−m
2
)− f1(1+m2 , 1−m2 ),
Z(T, p) = g2
(1+m
2 ,
1−m
2
)− g1(1+m2 , 1−m2 ), (2.33)
for (t,m) ∈ [0, T ] × [−1, 1].
In [16], the cost coefficients are chosen as
F ≡ 0 and g1(p) = −(2p1 − 1), g−1(p) = 2p1 − 1,
so that
G(p1, 1− p1) =
∫ p1
0
−2(2q − 1)dq = −2p21 + 2p1 = 2p1p2.
The reduced master equation in [16], see (3.11) therein, is exactly Equation (2.33) for Z (up
to a time reversal). Note also that the potential G(p1, p2) = −(2p1 − 1)2/2 therein differs
from G above by a constant (which is 1/2), but obviously this does not matter. Importantly,
the master equation (2.33) may have multiple weak solutions when T is large enough, hence
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the need for a selection argument. The solution selected in (2.33), following the theory for
scalar conservation laws, is the entropy solution, which can be shown to be unique in this
case despite the lackness of boundary conditions. As explained in the previous subsection,
the entropy solution is the space derivative of the viscosity solution to the HJB equation,
making this selection consistent with Theorem 2.7. Moreover, in [16], the value functions for
the feedback Nash equilibrium of the N -player game are shown to converge to this entropy
solution [16, Theorem 8]; this says that the solutions to the master equation that are selected
by taking the limit over ε or over N are the same. So, in a shell, our result is fully consistant
with [16].
As far as convergence of the optimal trajectories is concerned, the equilibria are shown to
be non-unique, provided that the time horizon T is chosen large enough: Whatever the initial
condition at time 0, there are three solutions to the MFG if T > 2, see [16, Proposition 2].
In this regard, the main result in [16] states that, whenever the initial condition p0 = (p
1
0, p
2
0)
of the population at time 0 satisfies m0 := 2p
1
0 − 1 6= 0 (i.e., the mean parameter is non-
zero), there is a unique equilibrium (pt)0≤t≤T that is selected by letting N tend to ∞ in the
corresponding N -player game; it satisfies the equation
d
dt
mt = −2mt|Z(t,mt)|+ 2Z(t,mt), t ∈ [0, T ], (2.34)
with (mt = p
1
t − p2t )0≤t≤T and Z being the unique entropy solution to (2.33), see [16, (23)].
Notably, this equation is shown to admit a unique solution, when m0 6= 0; see [16, Prop 6] .
Again, this is consistent with our results: [16, Theorem 15] asserts that this equilibrium is
also the unique minimizer of the corresponding inviscid MFCP initialized from (0,m0), see
(2.10) plugging F ≡ 0 and G(p) = 2p1p2 therein. While the proof of Theorem [16, Theorem
15] is carried out by explicit computations, our Theorem 2.4 applies directly. Interestingly,
we may recover (2.34) explicitly. Indeed, in [16], the function m 7→ Z(0,m) is shown to
be discontinuous at m = 0 only (provided that T is large enough; if T is small, m 7→
Z(0,m) is continuous); Accordingly, the function m 7→ V(0, 1+m2 ) in (2.21) is continuously
differentiable at m0 (since m0 is assumed to be non-zero) which, as we already explained
–see also Proposition 5.2–, implies that there is indeed a unique minimizer to the MFCP
initialized from (0, 1+m02 ). Also, our discussion (see (viii) in Proposition 5.2) says that this
unique minimizer, say (p⋆t )0≤t≤T , solves the equation
d
dt
p⋆,1t = (1− p⋆,1t )
(
U˜2(t, p⋆t )− U˜1(t, p⋆t )
)
+
− p1,⋆t
(
U˜1(t, p⋆t )− U˜2(t, p⋆t )
)
+
,
for t ∈ [0, T ]. Letting (m⋆t := 2p1,⋆t − 1)0≤t≤T , we easily derive that m⋆t solves Equation
(2.34), whence we get mt = m
⋆
t .
Last but not least, the case m0 = 0 is left open in [16]. In that case, the inviscid MFCP is
shown to have two non-trivial symmetric minimizers, see again [16, Theorem 15]. It is also
claimed in [16], see Section 4 therein, that, numerically, equilibria of the N -player game are
tending to converge in law to those two minimizers, with weight 1/2 each; In other words
there are numerical evidences for ruling out the third equilibrium (recalling that the MFG has
exactly three solutions). Obviously, our Theorem 2.4 sounds as a confirmation of this latter
intuition, as it precisely says that the third equilibrium (which is shown to be the constant
zero) is indeed excluded by the vanishing viscosity method. The fact that the two remaining
ones should be charged with probability 1/2 each comes from an additional symmetry argu-
ment, which is similar to the one used in [24]: If p⋆,ε,ϕ = (p⋆,1,ε,ϕt , p
⋆,2,ε,ϕ
t )0≤t≤T is an optimal
trajectory of the viscous mean field control problem, then, thanks to the symmetric form
of G, (p⋆,2,ε,ϕt , p
⋆,1,ε,ϕ
t )0≤t≤T is an admissible path with the same cost and hence is also an
optimal trajectory but for the common noise (B2,1t , B
1,2
t )0≤t≤T (instead of (B
1,2
t , B
2,1
t )0≤t≤T ).
By uniqueness in law of the equation characterizing the optimal trajectory, this shows that
(p⋆,1,ε,ϕt , p
⋆,2,ε,ϕ
t )0≤t≤T and (p
⋆,2,ε,ϕ
t , p
⋆,1,ε,ϕ
t )0≤t≤T have the same distribution. Consequently,
under any weak limit M as in the statement of Theorem 2.4, the marginal law of the first
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variable –which must be understood as the law of p– has to be symmetric. Here, we know
that the support of M is necessarily included in a set of two non-trivial trajectories. Hence,
each of them should be charged with probability 1/2.
Obviously, the thrust of our approach is that it applies to more general coefficients F and
G and to any number of states d ≥ 2; of course, the symmetry argument we have just alluded
to only applies under appropriate forms of symmetry.
3. Mean field control problem
The main goal of this section is to prove Theorem 2.1. We feel useful to recall that, for a
function ϕ as in (2.7), we aim at minimizing J ε,ϕ(α) in (2.11) where p = (pt)0≤t≤T therein
solves the α-driven SDE (2.12). Importantly, the pair (ε, ϕ) is kept fixed throughout the
section, which prompts us to drop out the superscript (ε, ϕ) in the subsequent notations.
As explained in the previous section, we restrict ourselves to processes α that are bounded
by M = 2(‖g‖∞ + T‖f‖∞), in the sense that |αi,jt | ≤ M , dt ⊗ P almost everywhere, for
any (i, j) ∈ JdK with i 6= j. The bound M has the following interpretation in terms of
the inviscid MFG (2.1)-(2.2): For a given (deterministic) path p = (pt)0≤t≤T with values
in Sd, optimizers of (2.1) are given in terms of the value function ((uit)0≤t≤T )i∈JdK, namely
αi,jt = (u
i
t − ujt )+, for t ∈ [0, T ] and i, j ∈ JdK with i 6= j, see [13, Chapter 7]. Here, uit is
defined as the optimal cost when q starts at time t from the initial condition qjt = δi,j and
hence satisfies |uit| ≤ T‖f‖∞ + ‖g‖∞: the upper bound holds by choosing the zero control,
while the lower bound follows from the sign of L. With the same meaning for a⋆ as in (2.16),
this allows us to express the corresponding Hamiltonian in the form
H˜M (p,w) := inf
(αi,j)i,j∈JdK:i6=j :0≤αi,j≤M
H˜M(p, α,w) =
∑
i∈JdK
piH˜
i
M (w), (3.1)
for p ∈ Sd and w = (wi)i∈JdK ∈ Rd, with
H˜M(p, α,w) :=
∑
i∈JdK
pi
∑
j∈JdK:j 6=i
(
αi,j(wj − wi) + 12 |αi,j |2
)
H˜ iM(w) := inf
(αj)j∈JdK:j 6=i:0≤αj≤M
∑
j∈JdK
(
αj
(
wj − wi
)
+ 12 |αj |2
)
=
∑
j 6=i
{
a⋆(wi − wj)(wj − wi) + 12 |a⋆(wi − wj)|2
}
.
(3.2)
By boundedness of a⋆ (which in turn follows from our choice to restrict ourselves to controls
that are bounded by M), H˜ iM is Lipschitz continuous and continuously differentiable with
Lipschitz and bounded derivatives (pay attention that it is not C2). The Hamiltonian H˜ iM
is used in the rest of the paper; note however that, in Section 2, see (2.19), we preferred to
use the slightly different Hamiltonian HM , but the two are clearly related by the identity
H˜ iM (w) = HM((wi − wj)j∈JdK), for w ∈ Rd. The HJB equation for the value function is
nothing but (2.13), with HϕM therein given by
HϕM (p,w) := H˜M(p,w) +
∑
i∈JdK
∑
j 6=i
piϕ(pj)(wj − wi). (3.3)
The following is straightforward but useful for us:
∂wiHϕM (p,w) =
∑
j∈JdK
pj
(
ϕ(pi) + a
⋆(wj − wi)
)
− pi
∑
j∈JdK
(
ϕ(pj) + a
⋆(wi − wj)
)
. (3.4)
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3.1. Classical solutions. The well-known verification argument may be easily adapted to
the simplex: If there exists a classical solution V to the HJB equation, then the optimal
control is unique (clearly bounded), if the initial condition is in the interior of the simplex,
and given in feedback form trough the feedback function α˜⋆,i,j := a⋆(diV − djV). The proof
proceeds in the same way, by expanding the trajectories along V, and by using the fact that
solutions to (2.12) remain in Int(Sd) (which makes it possible to use interior smoothness of
V and coercivity of the Hamiltonian on Int(Sd)).
Although intrinsic derivatives are the most canonical ones, and will hence be used in the
next sections, a key tool to prove the well-posedness of the HJB equation (2.13) is to work
with local charts. In this respect, it is worth recalling that any function h defined in the
simplex Sd may be easily regarded as a function defined on the set Ŝd. It suffices to identify
h with ĥ defined by
ĥ(x) := h(t, xˇ), xˇ :=
(
x1, · · · , xd−1, 1− (x1 + · · ·+ xd−1)
)
, x ∈ Ŝd
As explained in [1], h is then once or twice differentiable on the (interior of) the simplex if ĥ is
once or twice differentiable in the usual sense as a function defined on an open subset of Rd−1,
in which case we have a dictionary to pass from Dh and D2h to Dxĥ and D
2
xĥ and conversely.
In short, ∂xiĥ(t, x) = dih(t, xˇ) − ddh(t, xˇ) = dih(t, xˇ) +
∑
j∈Jd−1K djh(t, xˇ), for i ∈ Jd − 1K
and x ∈ Int(Ŝd), and conversely dih(t, p) = (∂xi ĥ − 1d
∑
j∈Jd−1K ∂xj ĥ)(t, p1, · · · , pd−1), for
i ∈ Jd − 1K, and ddh(t, p) = −1d
∑
j∈Jd−1K ∂xj ĥ(t, p1, · · · , pd−1), for p ∈ Int(Sd). As for the
second order derivatives, ∂xixj ĥ(t, x) = dijh(t, xˇ) − didh(t, xˇ) − djdh(t, xˇ) + dddh(t, xˇ), for
i, j = 1, · · · , d− 1. As a byproduct, the HJB has the following writing in local charts (sums
being taken over Jd− 1K− 1):
∂tV̂ + ĤM (x,DxV̂) + F̂ (x) + 12ε2
∑
j,k(xjδj,k − xjxk)∂2xjxk V̂
+
∑
i xi
[∑
j ϕ(xj)(∂xj V̂ − ∂xiV̂)− ϕ(x−d)∂xi V̂
]
+ x−d
∑
j ϕ(xj)∂xj V̂ = 0,
V̂(T, x) = Ĝ(x),
(3.5)
for t ∈ [0, T ] and x ∈ Int(Ŝd), where ĤM (x, z) = HM (xˇ, z) =
∑
j∈Jd−1K xjĤ
j
M (z)+x
−dĤdM(z),
Ĥ iM , for i = 1, . . . , d, is the Hamiltonian
Ĥ iM (z) := H˜
i
M
(
Θ(z)
)
, Θ(z) =
(
z1 − 1
d
d−1∑
j=1
zj, · · · , zd−1 − 1
d
d−1∑
j=1
zj,−1
d
d−1∑
j=1
zj
)
, (3.6)
for z = (z1, · · · , zd−1) ∈ Rd−1 and we denote x−d = 1 −
∑d−1
j=1 x
j; we refer to [1] for the
derivation of the second order term, see Eq. (2.26) therein. Interestingly enough, the optimal
feedback then writes (in local chart) in the form (provided that the HJB equation has a
classical solution) (â⋆i,j(DxV̂))i,j∈JdK:i6=j with (recall the definition of a⋆ in (2.16))
â⋆i,j(z) =

a⋆(zi − zj), i, j ∈ Jd− 1K,
a⋆(zi), j = d,
a⋆(−zj), i = d.
(3.7)
We remark that, if the value function is in the Wright-Fischer space C1,2+γWF ([0, T ]×Sd) (to
which we already alluded and which is defined in more detail in the Appendix), then V solves
(2.13) if and only in V̂ solves (3.5). We choose to express the last coordinate in terms of the
first d − 1 for convenience only, and in fact the choice of the local chart is arbitrary. This
is one reason why we expressed the main results in terms of intrinsic derivatives. Anyhow,
the local chart is more adapted to the proof of Theorem 3.1 below. Indeed, it is worth
emphasizing that, in order to prove the well-posedness of (2.13), it is enough to check that,
provided that it belongs to the right space, V̂ solves (3.5) in the interior of the simplex for
the fixed chart we have chosen. In this regard, the precise choice of the local chart is not
of a great importance and expressing any other coordinate than xd in terms of the other
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ones would work as well; to wit, by the same arguments as in [1, Subsection 3.2.1], Equation
(3.5) can be equivalently written in terms of another local chart. In fact, the choice of the
local chart really matters in the definition of the Wright-Fisher space carrying the solution,
in order to describe finely the behaviour of the solution at the boundary. Fortunately, in
the sequel, there is no need for returning to the details of the Wright-Fisher space and it is
absolutely fine for us to work with the same local chart throughout the analysis. This claim
holds also for the derivative systems (3.8) and (3.9) that we introduce below.
3.2. Derivative system. In order to address the HJB equation (2.13), we first study the
derivative system. The rationale to do so is that, obviously, the nonlinear term in the
derivative system is of order zero only while it is of order one in the HJB equation. As
a byproduct, it makes it possible to apply a priori estimates proven in [1]. As explained
above, we can use both intrinsic derivatives and local charts. Deriving (2.13) (by means of
(3.4)), we formally get4 the following expression for V = DV, applying the Schwarz identity
diV
j = djV
i (the indices in the sums below belonging to JdK),
∂tV
i + H˜ iM(V )− 1d
∑
j
H˜jM (V ) +
∑
j
(
ϕ(pj)− pjϕ′(pi)
)
(V j − V i)
− 1d
∑
l
∑
j
(
ϕ(pj)− pjϕ′(pl)
)
(V j − V l) + f i(p)− 1d
∑
j
f j(p)
+
∑
j,k
pk
(
ϕ(pj) + a
⋆(V k − V j)) (djV i − dkV i)+ 12ε2∑j,k(pjδj,k − pjpk)d2jkV i
+ 12ε
2
(
diV
i − 2
∑
j
pjdjV
i − 1d
∑
j
djV
j
)
= 0,
V i(T, p) = gi(p)− 1d
∑
j
gj(p),
(3.8)
where H˜ iM (V ) is defined by (3.6). Instead, differentiating (3.5) with respect to x (using in
the sequel the generic notation Z for DxV̂) and applying the Schwarz identity ∂xiZj(t, x) =
∂xjZ
i(t, x), for i, j ∈ Jd−1K, we then get, at least formally, the following system of equations
(all the sums below are taken over Jd− 1K):
∂tZ
i + Ĥ iM(Z)− ĤdM(Z) + f̂ i(x)− f̂d(x) +
∑
j
(
b̂j(x,Z) + 12ε
2δi,j − ε2xj
)
∂xjZ
i
+
∑
j ĉ
i,j(x)Zj + 12ε
2∑
j,k(xjδj,k − xjxk)∂2xjxkZi = 0,
Zi(T, x) = ĝi(x)− ĝd(x),
(3.9)
on [0, T ] × Int(Ŝd), for i ∈ Jd− 1K, where, for j ∈ Jd− 1K and z = (zk)k∈Jd−1K ∈ Rd,
ĉi,j(x) =
(
ϕ′(xi)− ϕ(x−d)−
∑
k∈Jd−1K
ϕ(xk)
)
δi,j +
(
ϕ′(x−d)− ϕ′(xi)
)
xj
b̂j(x, z) =
∑
k∈Jd−1K
{
xk
[
ϕ(xj) + a
⋆(zk − zj)
]− xj[ϕ(xk) + a⋆(zj − zk)]}
+ x−d
[
ϕ(xj) + a
⋆(−zj)
]− xj[ϕ(x−d)+ a⋆(zj)].
(3.10)
The two equations are equivalent, by using the identities Zi = V̂ i − V̂ d, V̂ i = Zi − 1d
∑d−1
j=1 Z
j
and V̂ d = −1d
∑d−1
j=1 Z
j, given by the aforementioned dictionary to pass from one derivative
to another.
Here, we prove well-posedness of (3.9), because it is needed for solving the HJB equation
(3.5). Recalling the shape of ϕ from (2.7), our main solvability result is:
Theorem 3.1. If f ∈ [C0,γWF(Sd)]d and g ∈ [C0,2+γWF (Sd)]d for a given γ ∈ (0, 1), then there
exists a constant κ1 > 0 only depending on M , T and d, such that for any ε ∈ (0, 1], θ > 0
4The computations in the derivation of (3.8) and (3.9) are rather tedious; anyhow, there is nothing difficult.
We feel it is sufficient to just provide the final results.
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and κ ≥ κ1/ε2, there exists γ′ ∈ (0, γ], possibly depending on ε and κ, such that Equation
(3.9) admits a unique solution in [C0,2+γ′WF ([0, T ] × Sd)]d−1.
Proof. The proof of existence is done via Leray-Schauder fixed point theorem. Let γ′ ∈ (0, γ]
to be chosen later. Letting5 X = C0,γ′WF([0, T ] × Ŝd), we consider the map Φ : X d−1 → X d−1,
defined by Φi(Z) = Y i, where Y i is the solution to the linear equation obtained by freezing
the zero order terms in (3.9) (all the sums being taken over Jd− 1K):
∂tY
i +
∑
j
(
b̂j(x,Z) + 12ε
2δi,j − ε2xj
)
∂xjY
i + 12ε
2∑
j,k(xjδj,k − xjxk)∂2xjxkY i
= −
[
Ĥ iM (Z)− ĤdM (Z) + f̂ i(x)− f̂d(x) +
∑
j ĉ
i,j(x)Zj
]
Y i(T, x) = ĝi(x)− ĝd(x).
(3.11)
The key remark is that, once Z is given, this is a scalar equation for each Y i, in the sense
that there is no Y j, j 6= i, in the equation. Therefore we are allowed to invoke Theorem
10.0.2 of [25], which states that there exists a unique solution Y i ∈ C0,2+γ′WF ([0, T ] × Ŝd) to
(3.11), for any i, if the right hand side and the drift belong to Cγ′WF([0, T ] × Ŝd) and the
terminal condition is in C0,2+γ′WF (Ŝd). Such assumptions are satisfied in the present situation
because Ĥ iM − ĤdM and a⋆ (which shows up in b̂, see (3.10)) are Lipschitz continuous and ϕ
and ϕ′ are bounded and Lipschitz; thus the map Φ is well-defined. The claim hence follows if
Φ admits a fixed point. In order to apply Leray-Shauder fixed point theorem we must show
that Φ is continuous and compact and that the set
X =
{
Z ∈ X d−1 : Z = λΦ(Z) for some λ ∈ (0, 1]
}
is bounded in X d−1.
Step 1. We first show that Φ is continuous and compact. To do so, we may restrict
ourselves to inputs Z such that maxj∈Jd−1K ‖Zj‖WF,0,γ′ is less than some arbitrarily fixed
real R > 0. Then, Theorem 10.0.2 of [25] gives, for any i ∈ Jd− 1K,
‖Y i‖WF,0,2+γ′ ≤ CR
(
max
j∈Jd−1K
‖Zj‖WF,0,γ′ + ‖f i − fd‖WF,0,γ′ + ‖gi − gd‖WF,0,2+γ′
)
, (3.12)
for some constant CR ≥ 0 depending on R through the drift b̂(x,Z) in (3.11), which yields
(up to a new value of CR)
max
i∈Jd−1K
‖Y i‖WF,0,2+γ′ ≤ CR. (3.13)
The above inequality implies that the map Φ is compact, as C0,2+γ′WF ([0, T ] × Sd) is compactly
embedded in C0,γ′WF([0, T ] × Sd), see the Appendix. To prove continuity, we consider the
analogue of (3.12), but applied to Y −Y ′ with (Y, Y ′) = (Φ(Z),Φ(Z ′)), for (Z,Z ′) ∈ (X d−1)2.
Again, we assume that maxj∈Jd−1K ‖Zj‖WF,0,γ′ and maxj∈Jd−1K ‖(Z ′)j‖WF,0,γ′ are less than
R. So, using (3.13) together with the fact that the derivatives of Ĥ iM − ĤdM are Lipschitz,
we have
‖Φ(Z ′)− Φ(Z)‖X d−1 ≤ max
i∈Jd−1K
‖(Y ′)i − Y i‖WF,0,2+γ′ ≤ CR‖Z ′ − Z‖X d−1 ,
which proves continuity.
5Our notation for the Wright-Fisher space here is a bit abusive since it is regarded as a space of functions
on [0, T ]× Ŝd; as we already explained, there is no difficulty in passing from functions defined on [0, T ]× Ŝd
to functions defined on [0, T ]×Sd, and conversely. And in fact, the construction of the Wright-Fisher spaces,
as outlined in Appendix, is based itself on a local description of the functions (that it contains) through a
convenient choice of local charts.
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Step 2. We now prove an L∞ bound of X. For Z ∈ X, we have, for some λ ∈ (0, 1],
∂tZ
i +
∑
j
(
b̂j(x,Z) + 12ε
2δi,j − ε2xj
)
∂xjZ
i + 12ε
2∑
j,k(xjδj,k − xjxk)∂2xjxkZi
= −λ
[
Ĥ iM(Z)− ĤdM(Z) + f̂ i(x)− f̂d(x) +
∑
j ĉ
i,j(x)Zj
]
Zi(T, x) = λ
(
ĝi(x)− ĝd(x)).
(3.14)
The proof follows from a standard representation of Z along the solution of the SDE that
is driven by the second-order differential operator appearing in (3.14). To make it clear, we
have, for any i ∈ Jd− 1K and (t, x) ∈ [0, T ] × Int(Ŝd),
Zi(t, x) = λE
[∫ T
t
f
i(
Xi,·s , Z(s,X
i,·
s )
)
ds+ gi(Xi,·T )
]
, (3.15)
where, for convenience, we have let Z(s,Xi,·s ) :=
(
Zj(s,Xi,·s )
)
j∈Jd−1K together with
gi(x) = ĝi(x)− ĝi(d),
f
i
(x, z) = Ĥ iM(z) − ĤdM(z) + f̂ i(x)− f̂d(x) +
∑
i,j∈Jd−1K
ĉi,j(x)zj ,
(3.16)
for x ∈ Ŝd and z in Rd−1. In (3.15), Xi,· = (Xi,j = (Xi,jt )t≤s≤T )j∈Jd−1K denotes a (d−1)-
dimensional process solving the SDE
dXi,js =
(
b̂j
(
Xi,js , Z(s,X
i,·
s )
)
+
ε2
2
δi,j − ε2Xi,js
)
ds
+
ε√
2
{ ∑
k∈Jd−1K
√
Xi,js X
i,k
s d(W
j,k −W k,j) +
√
Xi,js X
i,−d
s d(W
j,d −W d,j)
} (3.17)
for t ≤ s ≤ T , with initial condition Xi,·t = x, where we have denoted Xi,−d = 1−
∑d−1
j=1 X
i,j.
Representation (3.15) follows from the fact that Zi ∈ C1,2([0, T ]×Int(Ŝd)) (which is here
the usual space of functions that are once continuously differentiable in time and twice in
space) and hence from Itô’s formula applied to (Zi(s,Xi,·s ))t≤s≤T , provided that the solution
to (3.17) remains in Int(Ŝd). Assume for a while that the latter holds true. Then, having
(3.15) (together with the notations (3.10) and (3.16)), we exploit the Lipschitz continuity of
(Ĥ iM )i∈JdK, the boundedness of ϕ and ϕ
′, the fact λ ≤ 1, and the uniform bounds on f and
g to obtain
|Zi(t, x)| ≤ ‖ĝi − ĝd‖∞ + T‖f̂ i − f̂d‖∞ + C
∫ T
t
max
j∈Jd−1K
sup
x′∈Int(Ŝd)
|Zjλ(s, x′)|ds. (3.18)
Taking the supremum over x ∈ Int(Ŝd) and the maximum over i ∈ Jd−1K in the left-hand side
and applying Gronwall’s lemma, we get a bound for maxi∈Jd−1K sup(t,x)∈[0,T ]×Int(Ŝd) |Z
i(s, x)|.
By continuity of Z, the L∞ bound also holds for x in the boundary of Ŝd.
It remains to address the solvability of (3.17). We mostly borrow arguments from [1,
Proposition 2.1]. In order to apply the latter, we notice that Xi,−d solves (noticing that the
sum over j in the first line in the definition (3.10) of b̂j is null and similarly for the first term
in the second line of (3.17))
dXi,−ds =
{ ∑
j∈Jd−1K
Xi,js
[
ϕ(Xi,−ds ) + a
⋆(Zj(s,Xi,·s ))]
−Xi,−ds
∑
j∈Jd−1K
[
ϕ(Xi,js ) + a
⋆(−Zj(s,Xi,·s ))]+ ε2(12 −Xi,−ds )}ds
− ε√
2
∑
j∈Jd−1K
√
Xi,js X
i,−d
s
(
dW j,ds − dW d,js
)
.
(3.19)
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The key fact is then to observe that, whenever Xi,js is close to zero, ϕ(X
i,j
s ) (which shows up
in the definition of the drift, compare (3.10) with (3.17)) is greater than κ, and thus helps
for pushing the particle towards the interior of the simplex. This guarantees that, provided
that κ ≥ ε2/2, the equation is well-posed and that the unique solution stays in Int(Ŝd), see
[1, Proposition 2.1] for the details.
Step 3. We now provide a (uniform) Hölder estimate for the elements of X. Again we
borrow the result from [1]. Indeed, (3.14) can be rewritten as a system of d − 1 equations
on [0, T ] × Sd, using the dictionary to pass from intrinsic derivatives to derivatives in the
local chart. Thus we can apply6 Theorem 3.6 of [1], which states that there exist κ1 and γ
′
as in the statement, and a constant C ′, depending on ε, θ,M, d, T and the L∞ norm of the
r.h.s. of (3.11) (hence on f , g, ϕ, ϕ′, and Z, which is uniformly bounded by step 2) such
that ‖Z‖WF,γ′ ≤ C ′ if κ ≥ κ1/ε2. Therefore X is bounded, choosing such γ′, and the proof
is completed.
Step 4. Uniqueness of classical solutions can be proved by using the so-called four step-
scheme, see [22, 46]. Any classical solution Z can be indeed represented in the form of a
multi-dimensional forward-backward SDE (which is nothing but a system of stochastic char-
acteristics). In turn, the fact that (3.9) has a classical solution forces the former forward-
backward SDE to be uniquely solvable, and hence (3.9) itself to be also uniquely solvable.
This argument is in fact explained in detail in [1, Theorem 3.3 and Corollary 3.4]. The
specific subtlety (which is common to [1] and to our case) is that, due to the fact that the
Kimura operator driving (3.9) degenerates near the boundary, some exponential integrability
is needed for the inverse of the forward component in the forward-backward system of char-
acteristics. In fact, this integrability property is very similar to the integrability property
discussed after Definition 2.3. In short, it holds true provided that κ is bigger than (up to a
multiplicative constant) ε2, which is obviously the case in our setting since κ scales here (at
least) like ε−2. This point is discussed with care in the paper [1]. 
3.3. Solving for the HJB equation. We now turn to the well posedness of (2.13), or
equivalently of (3.5), and prove the following refined version of Theorem 2.1.
Theorem 3.2. If F ∈ C1,γWF(Sd) and G ∈ C1,2+γWF (Sd), for a given γ ∈ (0, 1), then there exists
a constant κ1 > 0 only depending on M , T and d, such that for any ε ∈ (0, 1], θ > 0 and
κ ≥ κ1/ε2, Equation (2.13) admits a unique solution V ∈ C1,2+γ
′
WF ([0, T ] × Sd). The solution
V is the value function of the viscous MFCP and the optimal feedback function is given by
α˜⋆,i,j(t, p) = a⋆
(
diV(t, p)− djV(t, p)
)
. (3.20)
The latter gives the unique optimal control in the sense that, for any initial state p0 ∈ Int(Sd)
and any pair of optimal trajectory p and optimal control α (which is an F-progressively
measurable process bounded by M), it holds αt = α˜
⋆(t, pt) for dt ⊗ P a.e. (t, ω). Moreover,
the derivative DV is the unique solution to (3.8) in C0,2+γ′WF ([0, T ] × Sd).
Equivalently, with the same assumptions and in the same space (up to a change of co-
ordinate), Equation (3.5) admits a unique solution V̂ and its derivative DxV̂ is the unique
solution to (3.9) (denoted by Z in the statement of Theorem 3.1).
Proof. As announced before, we prove well posedness of (3.5). The candidate for being the
optimal feedback is (see (3.7)) α⋆i,j(t, x) = â
⋆
i,j(Z(t, x)), i, j ∈ JdK, i 6= j, for Z given by
6In fact, this requires a modicum of care, since the function ϕ in [1] is assumed to vanish outside [0, 2θ],
see (2.16) therein, with δ replaced by θ, and δ itself (with the same notation as therein) is required to be
small enough. The key point is that we can always modify the function ϕ so that it fits the assumption of [1,
Theorem 3.6]: Going back to [1, (3.20)], it is indeed easy to see that the values of ϕ taken at points that are
away from the boundary can be inserted in the function b◦ therein. Since b◦ does not enter the definition of
the threshold κ0 in [1, Theorem 3.6], this leaves the conclusion of [1, Theorem 3.6] unchanged.
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Theorem 3.1. Using the same notation as in (3.2) and (3.7), we thus consider, on [0, T ]×Ŝd,
the PDE (sums being taken over Jd− 1K):
∂tZ + ĤM(x,Z) + F̂ (x) + 12ε2
∑
j,k(xjδj,k − xjxk)∂2xjxkZ
+
∑
k xk
[∑
j ϕ(xj)(∂xjZ − ∂xkZ)− ϕ(x−d)∂xkZ
]
+ x−d
∑
j ϕ(xj)∂xjZ = 0,
Z(T, x) = Ĝ(x),
(3.21)
In particular, we can regard (3.21) as a linear Kimura PDE (the drift coefficient driving
the first order term is nothing but b̂j(x, 0) and hence points inward the simplex). Since
Z ∈ [C0,2+γ′WF ([0, T ] × Ŝd)]d−1, we know from Theorem 10.0.2 of [25] that (3.21) admits a
unique solution Z ∈ C0,2+γ′WF ([0, T ] × Ŝd).
The key fact is to show that ζ = Z where ζ = DxZ. Since the second order operator driving
(3.21) is elliptic in the interior of the simplex (and non-degenerate in any ball, see for instance
[1, (2.27)]) and the source term is differentiable in space, with time-space Hölder continuous
derivatives, we know from interior estimates for parabolic PDEs (see Theorem 8.12.1 in [39])
that ζ is once continuously differentiable in time and twice in space on [0, T )× Int(Ŝd) –even
though we have no guarantee on the behavior at the boundary–. This suffices to differentiate
(3.21). We then get the following variant of (3.9) at any point (t, x) of [0, T ) × Int(Ŝd) (the
sums below being taken over j ∈ Jd− 1K):
∂tζ
i +
∑
j
(
b̂j2(x) +
1
2ε
2δi,j − ε2xj
)
∂xjζ
i + 12ε
2∑
j,k(xjδj,k − xjxk)∂2xjxkζi +
∑
j ĉ
i,j(x)ζj
= −
[
Ĥ iM(Z)− ĤdM(Z) + f̂ i(x)− f̂d(x) +
∑
j
(
b̂j1(x,Z) +
1
2ε
2δi,j − ε2xj
)
∂xjZ
i
]
,
ζi(T, x) = ĝi(x)− ĝd(x),
where, for j ∈ Jd− 1K, x and z (as usual sums below are over k ∈ Jd− 1K),
b̂j1(x, z) =
∑
k
{
xka
⋆(zk − zj)− xja⋆(zj − zk)
}
+ x−da⋆(−zj)− xja⋆(zj).
b̂j2(x) =
∑
k
{
xkϕ(xj)− xjϕ(xk)
}
+ x−dϕ(xj)− xjϕ
(
x−d
)
.
Obviously, b̂j1 and b̂
j
2 should be compared with b̂
j in (3.10). In particular, b̂j(x, z) is nothing
but b̂j1(x, z) + b̂
j
2(x). This prompts us to make the difference with (3.9), from which we get
∂t
(
ζi − Zi)+∑j(b̂j2(x) + 12ε2δi,j − ε2xj)∂xj (ζi − Zi)
+12ε
2∑
j,k(xjδj,k − xjxk)∂2xjxk
(
ζi − Zi)+∑j ĉi,j(x)(ζj − Zj) = 0,
(ζi − Zi)(T, x) = 0.
In order to prove that ζ = Z, we can use Itô’s formula as we did in the proof of Theorem
3.1. Indeed, the interior smoothness of ζi, for each i = 1, · · · , d− 1, suffices to apply Itô’s
formula to (
∑
j∈Jd−1K Ri,js (ζj − Zj)(s,Xi,·s ))t≤s≤T for any given t where Xi,· solves (3.17),
but for b̂j(x, z) therein replaced by b̂j2, with some x ∈ Int(Ŝd) as initial condition at time t,
and ((Ri,js )i,j∈Jd−1K)t≤s≤T solves the SDE dRi,js =
∑
ℓ∈Jd−1K Ri,ℓs ĉℓ,j(Xi,·s ), for s ∈ [t, T ] with
(Ri,jt = δi,j)i,j∈Jd−1K. Following the standard proof of Feynman-Kac formula, we get that
ζi(t, x) = Zi(t, x). Hence, ζi(t, ·) and Zi(t, ·) coincide on Int(Ŝd) and then, by continuity, on
the entire Ŝd. In particular, this implies that Z ∈ C1,2+γ
′
WF ([0, T ] × Ŝd), see the definition of
the hybrid spaces in Appendix.
By replacing Z by DxZ in (3.21), we deduce that Z solves (3.5). By a straightfor-
ward adaptation of the verification theorem, we deduce that Z must be the value function
of the MFCP and, as by-product, it must be the unique solution of (3.5) in the space
C1,2+γ′WF ([0, T ] × Ŝd). Also, since H˜M (p, α,w) (see (3.2)) is strictly convex with respect to α
as long as p is in Int(Sd) and since any controlled trajectory p in (2.12) stays in Int(Sd) (see
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[1, Proposition 2.1]), we deduce that the optimal control is unique and is in a feedback form.
In local coordinates, the optimal feedback function writes
α̂i,j(t, x) = a⋆(∂xiZ(t, x)− ∂xjZ(t, x)) if i, j ∈ Jd− 1K,
α̂i,d = a⋆(∂xiZ(t, x)), α̂d,i = a⋆(−∂xiZ(t, x)),
and this is equivalent to (3.20) in intrinsic derivatives. Relabelling Z into V̂, this completes
the proof. 
4. Potential game with a common noise
The main purpose of this section is to prove Theorem 2.2.
4.1. New MFG. Our first step is to introduce an MFG that derives from the MFCP studied
in the previous section. Equivalently, we would like the corresponding MFG system to
represent the necessary condition for optimality of the MFCP. As we already explained in
Section 2, the problem is that, if we use the same dynamics as in (2.5) (which are the basis
of the results of [1], on which our paper is built), we can no longer use the cost functional
Jε,ϕ (see (2.6)) to get a potential structure. To wit, the master equation associated with
(2.6) (which may be computed along the same lines as in [1], see (3.14) therein) does not
identify with the derivative system (3.9). In particular, the master equation associated with
(2.5)-(2.6) (which is an equation for the value of the game) can not be closed as an equation
for the centered value of the game (centered here means that the sum over the states i ∈ JdK
is null), due to the additional drift in the equation given by the common noise: This means
that the master equation can not be the intrinsic derivative of a HJB equation. Instead, this
holds true for the MFG without common noise and will be exploited in the next sections.
In order to define the new cost of the MFG (see (2.14)), let V := DV be the classical
solution to (3.8) –which is the derivative of the MFCP value function by Theorem 3.2– and
consider (vit = V
i(t, p⋆t ))0≤t≤T where p⋆ = (p⋆t )0≤t≤T solves the SDE driven by the optimal
feedback, namely (sums below are over JdK)
dp⋆,it =
(∑
j
p⋆,jt
(
ϕ(p⋆,it ) + a
⋆(vjt − vit)
)−∑
j
p⋆,it
(
ϕ(p⋆,jt ) + a
⋆(vit − vjt )
))
dt
+
1√
2
ε
∑
j
√
p⋆,it p
⋆,j
t
(
dBi,jt − dBj,it
)
,
(4.1)
see [1, Proposition 2.1] for the unique solvability, the unique solution remaining inside the
interior of Sd. By Itô’s formula (the fact that we can apply Itô’s formula with intrinsic
derivatives can be justified by using the local chart, at least in the interior of the simplex),
we get (sums below being over indices in JdK)
dvit = −
(
H˜ iM (vt)− 1d
∑
l
H˜ lM(vt) + f
i(p⋆t )− 1d
∑
l
f l(p⋆t )
)
dt+
∑
j,k
wi,j,kt dB
j,k
t
−
(∑
j
(
ϕ(p⋆,jt )− p⋆,jt ϕ′(p⋆,it )
)
(vjt − vit)− 1d
∑
j,l
(
ϕ(p⋆,jt )− pjtϕ′(p⋆,lt )
)
(vjt − vlt)
)
dt
− 1√
2
ε
(∑
j
√
p⋆,jt (p
⋆,i
t )
−1
(
wi,i,jt + w
j,j,i
t
)
− 1d
∑
j,l
√
p⋆,jt (p
⋆,l
t )
−1
(
wl,l,jt + w
j,j,l
t
))
dt
viT = g
i(p⋆T )− 1d
∑
l
gl(p⋆T ),
(4.2)
where
wi,j,kt =W
i,j,k(t, p⋆t ), with W
i,j,k(t, p) = 1√
2
ε
√
pjpk
(
djV
i − dkV i
)
(t, p). (4.3)
Notice in particular that
1√
2
ε
∑
j
√
p⋆,jt (p
⋆,i
t )
−1wi,i,jt =
1
2ε
2
∑
j
p⋆,jt
(
diV
i − djV i
)
(t, p⋆t ),
1√
2
ε
∑
j
√
p⋆,jt (p
⋆,i
t )
−1wj,j,it =
1
2ε
2
∑
j
p⋆,jt
(
djV
j − diV j
)
(t, p⋆t ),
(4.4)
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which permits to recover the penultimate line in (3.8), since diV
j = djV
i by Schwarz’
Theorem for intrinsic derivatives.
Ideally, we would like to see (4.2) as the stochastic HJB equation associated with our new
MFG with common noise (see [1, Lemma 3.1] for its derivation). However, we cannot do so
directly because the pair (p⋆,v) in (4.2) takes values in the tangent bundle to the simplex,
namely
∑
i∈JdK vit = 0 for any t ∈ [0, T ]. Obviously, the latter is not consistent with our
original MFG, whether there is a common noise or not. Indeed, if this were consistent, then,
discarding for a while the common noise, we would have to think of vi0 as the minimum of
J(·;p⋆) in (2.1) whenever q therein starts from the Dirac mass at point i, but, then, there is
no reason why the sum of all these costs over i ∈ JdK should be null. In fact, we here recover
the point raised in (2.20): Therein, we can identify the two vectors (U ε,ϕ,i(t, p))i∈JdK and
(diVε,ϕ(t, p))i∈JdK up to a constant only. The idea below is thus to reconstruct from scratch
the sum of the value functions. To do so, we notice from [25, Theorem 10.0.2] again that we
can solve the PDE in the simplex (sums below are over indices in JdK)

∂tY +
∑
j,k pj
(
ϕ(pk) + a
⋆(V j − V k))(djY − dkY)+ ε22 ∑j,k(pjδj,k − pjpk)d2j,kY
+12
∑
j,k pj |a⋆(V j − V k)|2 +
∑
j,k pjpkϕ
′(pj)
(
V j − V k)+ 〈p, f•(p)〉 = 0,
Y(T, p) = 〈p, g•(p)〉,
(4.5)
where we recall that 〈p, f•(p)〉 (and similarly with f replaced by g) here denotes the inner
product
∑
i pif
i(p).
We are now in the position to elucidate the shape of ϑiε,ϕ in (2.14), by letting (we remove
the superscripts ε and ϕ for simplicity)
ϑi(t, p) :=
∑
j
[
pjϕ
′(pi)
(
V i − V j)(t, p) + 1√
2
ε
√
pjp
−1
i
(
W˜ j,j,i − W˜ i,i,j − 2Υi,j)(t, p)], (4.6)
where
W˜ i,j,k(t, p) =W i,j,k(t, p)− 〈p,W •,j,k(t, p)〉
Υi,j(t, p) = 1√
2
ε
√
pipj
(
diY(t, p)− djY(t, p)− (V i − V j)(t, p)
)
.
(4.7)
Observe in particular that, despite the factor
√
p−1i in (4.6), the function ϑ is bounded and
continuous on the entire [0, T ] × Sd. Using (4.4), we indeed have
ϑi(t, p) =
∑
j
pjϕ
′(pi)
(
V i − V j)(t, p)
+ 12ε
2
∑
j
pj
(
djV
j − diV i
)
(t, p) + ε2
∑
j
pj
(
djY − diY − (V j − V i)
)
(t, p)
+ ε2
∑
j,k
pjpk
(
diV
k − djV k
)
(t, p).
(4.8)
Now, we recall (2.14) together with Definition 2.3: For an adapted continuous process p with
values in Sd, such that
∫ T
0 (1/p
i
t)dt has exponential moments of sufficiently high order (which
we recall holds true if p solves an equation of the same type as (2.12) and κ is large enough
independently of p) for a progressively-measurable process α = ((αi,jt )i,j∈JdK:i6=j)0≤t≤T such
that 0 ≤ αi,jt ≤M and for q solving (2.5), we let
J˜ε,ϕ
(
α;p
)
:= E
[∫ T
0
∑
i∈JdK
qit
[
Li(αt) + f
i(pt) + ϑ
i(t, pt)
]
dt+
∑
i∈JdK
qiT g
i(pT )
]
. (4.9)
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By following [1, Subsection 3.1.1], the Stochastic HJB (SHJB) equation associated with this
minimization problem here writes down (sums being taken over JdK)
duit = −
(
H˜ iM (ut) +
∑
j
ϕ(pjt )(u
j
t − uit) + f i(pt) + ϑi(t, pt)
)
dt
− 1√
2
ε
∑
j 6=i
√
pjt(p
i
t)
−1(νi,i,jt − νi,j,it )dt+∑j 6=k νi,j,kt dBj,kt ,
uiT = g
i(pT ).
(4.10)
Hence, our new MFG (in the sense of Definition 2.3) is characterized by the forward-backward
system made of the SHJB equation (4.10) and of the Stochastic FP (SFP) equation (2.12),
see again [1, Subsection 3.1.1] for the proof.
Of course, the core of our construction is to show that the optimal trajectory p⋆ of the
MFCP is the unique possible equilibrium of this new MFG. In this regard, our choice for ϑ
is especially designed so that (vit−〈p⋆t , v•t 〉+Y(t, p⋆t ))0≤t≤T solves (4.10) whenever p is taken
as p⋆. In such a case, by equalizing the martingale terms in the expansions of (uit)0≤t≤T and
(vit − 〈p⋆t , v•t 〉+ Y(t, p⋆t ))0≤t≤T , we get from (4.2) and (4.3)
νi,j,kt = w
i,j,k
t − 〈p⋆t , w•,j,kt 〉+ 1√2ε
√
p⋆,jt p
⋆,k
t
(
djY(t, p⋆t )− dkY(t, p⋆t )−
(
vjt − vkt
))
= w˜i,j,kt +Υ
j,k(t, p⋆t ),
(4.11)
where w˜i,j,kt = w
i,j,k
t − 〈p,w•,j,kr 〉, which explains why Υ appears in (4.6). The details are
given in the proof of Theorem 4.1 below.
4.2. Solvability. This is the refined version of Theorem 2.2. Recall that ϕ satisfies (2.7).
Theorem 4.1. If F ∈ C1,γWF(Sd) and G ∈ C1,2+γWF (Sd) for a given γ ∈ (0, 1), then there exists
a constant κ2 ≥ κ1 (κ1 and γ′ being given by Theorem 3.1) only depending on M , T and
d, such that for any ε ∈ (0, 1], θ > 0 and κ ≥ κ2/ε2, there exists γ′′ ∈ (0, γ′], possibly
depending on ε and κ, such that the new MFG, associated with the dynamics (2.5) and with
the cost (4.9), admits a unique solution (p,α) for any p0 ∈ Int(Sd). It is equal to the unique
optimizer of the MFCP (2.11)-(2.12). Moreover, the master equation (2.18) associated with
the modified MFG admits a unique solution U ∈ [C0,2+γ′′WF ([0, T ] × Sd)]d and (2.20) holds.
Proof. We first prove existence of a MFG solution, by using the solution of the MFC problem,
and then show uniqueness by invoking the results from [1].
Existence. As announced in the previous subsection, we choose p = p⋆ with p⋆ as in (4.1)
(here, we drop the superscript ⋆ to alleviate the notation) and then let, as a candidate for
solving the SHJB equation (4.10):
uit := v
i
t − 〈pt, v•t 〉+ Y(t, pt), t ∈ [0, T ], i ∈ JdK. (4.12)
Importantly, we notice that uit − ujt = vit − vjt for any i, j ∈ JdK with i 6= j. With the same
notation as in (4.11), we then get (some explanations are given after the formula; moreover,
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the sums below are over JdK)
duit = −
(
H˜ iM (ut)− 〈pt, H˜•M(ut)〉+ f i(pt)− 〈pt, f•(pt)〉
)
dt
−
(∑
j
ϕ(pjt )(u
j
t − uit)−
∑
j,k
pktϕ(p
j
t )(u
j
t − ukt )
)
dt
+
(∑
j
pjtϕ
′(pit)(u
j
t − uit)−
∑
j,k
pjtp
k
tϕ
′(pkt )(u
j
t − ukt )
)
dt
− 1√
2
ε
(∑
j
√
pjt(p
i
t)
−1
(
wi,i,jt +w
j,j,i
t
)
−
∑
j,k
√
pjtp
k
t
(
wk,k,jt + w
j,j,k
t
))
dt
−
(∑
j,k
pjt
(
ϕ(pkt ) + a
⋆(ujt − ukt )
)(
ukt − ujt
))
dt− 1√
2
ε
∑
j,k
√
pjtp
k
t
(
wj,j,kt −wj,k,jt
)
dt
−
(
1
2
∑
j,k
pjt |a⋆(ujt − ukt )|2 +
∑
j,k
pjtp
k
tϕ
′(pjt )
(
ujt − ukt
)
+ 〈pt, f•(pt)〉
)
dt +
∑
j,k
νi,j,kt dB
j,k
t .
In short, the term on the first line come from the expansion of dvit − d〈pt, v•t 〉, see the first
line in (4.2). Similarly, the terms on the second and third lines come from the second line in
(4.2). And the fourth line derives from the third line in (4.2). The first term on the fifth line
comes from 〈v•t , dpt〉 and the second term on the same line is the bracket in the expansion
of the inner product d〈v•t , pt〉. The first term on the last line comes from the expansion of
(Y(t, pt))0≤t≤T by means of Itô’s formula. The last term is given by (4.11).
We first treat terms that cancel in the above expansion. Obviously, the inner products
〈pt, f•(pt)〉 on the top and bottom lines cancel. Similarly, the second term on the second
line cancel out with half of the first term on the penultimate line, and the second term on
the third line cancel out with the second term on the last line. As for the inner product
〈pt, H˜•M (ut)〉 on the first line, it cancels with the second half of the first term on the fifth
line and with the first on term on the last line. Now, using the fact that wj,k,jt = −wj,j,kt , we
have
1√
2
ε
∑
j,k
√
pjtp
k
t
(
wk,k,jt +w
j,j,k
t
)
− 1√
2
ε
∑
j,k
√
pjtp
k
t
(
wj,j,kt − wj,k,jt
)
= 0,
so that the last terms on the fourth and fifth lines also cancel out. Moreover, adding ϑi(t, pt)
(using (4.6)) to the first term on the third line and the first term on the fourth line, we get
ϑi(t, pt) +
∑
j
pjtϕ
′(pit)(u
j
t − uit)− 1√2ε
∑
j
√
pjt(p
i
t)
−1(wi,i,jt + wj,j,it )
=
∑
j
[
1√
2
ε
√
pjt(p
i
t)
−1(w˜j,j,it − w˜i,i,jt − 2Υi,j)(t, pt)]− 1√2ε∑j
√
pjt(p
i
t)
−1(wi,i,jt + wj,j,it )
=
∑
j
[
1√
2
ε
√
pjt(p
i
t)
−1(−2wi,i,jt + 2〈pt, w•,i,jt 〉 − 2Υi,j)(t, pt)].
where, in the second and third lines, we used the two equalities 〈pt, w•,i,jt 〉 = −〈pt, w•,j,it 〉 and
Υi,j(t, pt) = −Υj,i(t, pt).
It remains to see from (4.11) that
νi,i,jt − νi,j,it = wi,i,jt − wi,j,it − 〈pt, w•,i,jt 〉+ 〈pt, w•,j,it 〉+Υi,jt (t, pt)−Υj,it (t, pt)
= 2wi,i,jt − 2〈pt, w•,i,jt 〉+ 2Υi,jt (t, pt).
We hence get that the pair (pt, ut)0≤t≤T solves (4.1) (with vt replaced by ut therein) and
(4.10).
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Uniqueness. For κ2 as in the statement, uniqueness follows from
7 [1, Theorem 2.9], using
the fact that ϑ in (4.8) is Hölder continuous, which is turn follows from the fact that the
solution to the linear equation (4.5) belongs to C0,2+γ′WF ([0, T ]×Sd), by [25, Theorem 10.0.2].
The new exponent γ′′, as well as existence and uniqueness of a classical solution to the master
equation (2.18), then follow from [1, Theorem 3.8]. Finally, (2.20) follows from (4.12). 
5. Selection by vanishing viscosity
5.1. Selection of equilibria. The purpose of this subsection is to prove Theorem 2.4. To
do so, we choose ϕ = ϕθ,δ,ε satisfying (in addition to the aforementioned monotonicity and
regularity properties)
ϕθ,δ,ε(r) =

κε r ≤ θ
κ0 2θ ≤ r ≤ δ
0 r ≥ 2δ,
(5.1)
for 0 < δ ≤ 1/2 and 0 < 2θ < δ and κ0 > 0. Above, we choose κε of the form κε := ε−2κ2,
for κ2 as in the statement of Theorem 2.2; in particular, κ2 is fixed once for all and only
depends on ‖f‖∞, ‖g‖∞, T and d, and is thus independent of the four remaining parameters
θ, δ, ε and κ0 in (5.1). As for κ0, it is a constant whose value is fixed later on; say that, in
the end, it must be above some threshold κ¯0, only depending on d and κ2, see for instance
Theorem 5.11. In order for ϕθ,δ,ε to be non-increasing, we will impose a smallness condition
on ε, namely ε2 ≤ ε20 := min(κ2/κ0, 1); again, we stress the fact that, in this condition, the
constant κ0 will be chosen later on, while κ2 is fixed. We also assume that
∀r ≥ 0, ∣∣ϕ′θ,δ,ε(r)∣∣ ≤ 2κεθ 1[0,2θ](r) + 2κ0δ 1[0,2δ](r). (5.2)
The rationale for introducing an additional parameter θ in the decomposition (5.1) is the
following: Whilst κε blows up with ε, κ0 does not; Here, κε is used to force uniqueness
of the MFG equilibrium (as in [1]), hence the need to have it large when the intensity of
the common noise is small; Differently, κ0 is used below to force the equilibrium to stay
sufficiently far away from the boundary, see Proposition 5.4 below. The new decomposition
(5.1) is thus a way to disentangle the two issues.
Accordingly, for any initial condition (t0, p0) ∈ [0, T ]×Int(Sd), we write (pθ,δ,ε[t0,p0],α
θ,δ,ε
[t0,p0]
) :=
(pθ,δ,ε[t0,p0],t, α
θ,δ,ε
[t0,p0],t
)t0≤t≤T for the minimizer of J ε,ϕ defined by (2.11) with ϕ being given by
(5.1). When there is no ambiguity on the choice of the initial condition, we merely write
(p,α). Importantly, in this notation, the F-progressively measurable process αθ,δ,ε[t0,p0] is given
by (2.15) through a feedback function; we feel useful to recall that its off-diagonal entries
are bounded by M . In order to state our main result8 here, we also let E := L2([0, T ];A )
where A = {(ai,j)i,j=1,··· ,d ∈ Rd×d : ai,j ∈ [0,M ], i 6= j ; ai,i = −
∑
j 6=i ai,j}. We endow E
with the weak topology, which makes it a compact metric (and hence Polish) space and for
which the convergence is denoted by ⇀. We also denote by Vθ,δ,ε the value function of the
7As we already explained in footnote 6, some care is needed to apply the results of [1], since the framework
therein is not exactly the same. In footnote 6, we already commented on the shape of the function ϕ. This
observation is still relevant here. Also, it must be stressed that, in [1], the constant κ0 (with the same notation
as therein, κ0 denoting the threshold for κ in [1] and hence being the analogue of κ2/ε
2 here) is allowed to
depend on ‖f‖∞ and ‖g‖∞. In our analysis, κ2 is allowed to depend M , which in turn depends on ‖f‖∞ and
‖g‖∞. So, the latter is consistent with the results of [1]. In fact, our framework is easier since the controls
are already required to be bounded by M , which is not the case in [1]. This explains why M directly shows
up in our statement; in short, it provides an upper bound for the drift in the dynamics of p.
8The attentive reader will observe that the L2 space we here call E is slightly different from the L2 space
used in the statement of Theorem 2.4; obviously, E is here a smaller (closed) subset and the result proven
below suffices to derive Theorem 2.4. In fact, we felt better not to introduce the space E earlier in the text,
which explains why Theorem 2.4 and 5.1 are slightly different.
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viscous MFCP and by V the value function of the inviscid MFCP. The following result then
subsumes Theorem 2.4:
Theorem 5.1. Assume that F ∈ C1,γWF(Sd) and G ∈ C1,2+γWF (Sd) for a given γ ∈ (0, 1).
Moreover, fix the value of κ0 in Definition 5.1 and let p0 ∈ Int(Sd) stand for the initial
condition of (2.12) at time 0. Then there exists δ0, depending only on p0, M , T and d, such
that the family (pθ,δ,ε,αθ,δ,ε)0<2θ<δ≤δ0,0<ε≤ε0 is tight in C([0, T ];Sd) × E. The limit in law
of any converging subsequence (pθn,δn,εn,αθn,δn,εn), with limn→∞(θn, δn, εn) = (0, 0, 0), is a
probability M that satisfies the conclusion of Theorem 2.4. Moreover, for any such converging
subsequence,
lim
n→∞J
εn,ϕθn,δn,εn
(
αθn,δn,εn
)
= min
β∈E
J (β). (5.3)
In particular, for any t0 ∈ [0, T ] and any p0 ∈ Int(Sd),
lim
(θ,δ,ε)→(0,0,0)
Vθ,δ,ε(t0, p0) = V(t0, p0). (5.4)
Proof. Throughout the proof, we use the following notation. For α = (αt)0≤t≤T a bounded
deterministic path in E , we call p◦(α) the solution of the equation (obviously, the solution
exists and is unique as the equation is linear)
pit = p
i
0 +
∫ t
0
∑
j∈JdK
(
pjsα
j,i
s − pisαi,js
)
ds, t ∈ [0, T ], i ∈ JdK. (5.5)
Step 1. The distributions of the random variables (αθ,δ,ε)θ,δ,ε (regarded as taking values
within E) is tight as E is compact. For any α in E , the corresponding solution p◦ := p◦(α)
to (5.5) is such that p◦,it ≥ pi0 −M(d− 1)
∫ t
0 p
◦,i
s ds and thus, by Gronwall’s lemma, p
◦,i
t ≥
pi0e
−tM(d−1). This prompts us to define
δ0 :=
1
4e
−TM(d−1) min
i∈JdK
pi0.
and let
τε,θ,δ := inf
{
0 ≤ t ≤ T : min
i∈JdK
pi,θ,δ,εt ≤ 3δ0
}
∧ T,
with the convention inf ∅ = +∞, and p̂θ,δ,ε := (pθ,δ,ετθ,δ,ε∧t)0≤t≤T .
Notice in particular that, for δ < δ0, p̂
θ,δ,ε does not see the function ϕ in its drift since
the support of latter is restricted to [0, 2δ]. By Kolomogorov’s criterion, since α is bounded
by M and p is bounded by 1, it is then standard to show the tightness of the distributions
of the processes (p̂θ,δ,ε)0<2θ<δ≤δ0,0<ε≤ε0 in C([0, T ];Sd).
Step 2. We hence consider a weakly convergent subsequence
(
p̂θn,δn,εn ,αθn,δn,εn
)
n≥0, with
some (p,α) as weak limit, where limn→∞(θn, δn, εn) = 0. To simplify the notations, we let
(p̂(n),α(n)) := (p̂θn,δn,εn,αθn,δn,εn). Applying Skorokhod’s representation Theorem, we can
assume without any loss generality that the convergence holds almost surely, provided that
we allow the Brownian motions (Bi,j)i,j∈JdK:i6=j to depend on n. We hence write the latter
in the form B(n) = (B(n),i,j)i,j∈JdK:i6=j. So, we can assume that there exists a full event Ω0
on which sup0≤t≤T |p̂(n)t − pt| → 0 and α(n) ⇀ α.
We then write (pay attention that, although we don’t mention it explicitly, the last four
terms in the right-hand side below depend on i)
p̂
(n),i
t := p
i
0 +R
(n),1
t +R
(n),2
t +R
(n),3
t +R
(n),4
t , t ∈ [0, T ],
where (sums being over indices in JdK)
R
(n),1
t =
∫ t
0
∑
j
(
p̂(n),js α
(n),j,i
s − p̂(n),is α(n),i,js
)
ds−
∫ t
0
∑
j
(
pjsα
(n),j,i
s − pisα(n),i,js
)
ds,
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R
(n),2
t =
∫ t
0
∑
j
(
pjsα
(n),j,i
s − pisα(n),i,js
)
ds,
R
(n),3
t =
∫ t
0
[
(1− p̂(n),is )ϕθn,δn,εn
(
p̂(n),is
)− p̂(n),is ∑j 6=i ϕθn,δn,εn(p̂(n),js )]ds,
R
(n),4
t =
1√
2
εn
∫ t
0
∑
j 6=i
√
p̂
(n),i
s p̂
(n),j
s d
(
B(n),i,js −B(n),j,is
)
.
We then work on Ω0 in order to handle the almost sure convergence of the first three terms.
By uniform convergence of p̂(n) to p and by uniform boundedness of α(n), (R
(n),1
t )0≤t≤T
tends to 0, uniformly in t ∈ [0, T ]. By weak convergence of α(n) to α, we deduce that,
for any t ∈ [0, T ], R(n),2t tends to
∫ t
0
∑
j
(
pjsα
j,i
s − pisαi,js
)
ds; by Arzelà-Ascoli Theorem, the
convergence is uniform in t ∈ [0, T ]. Since it is implicitly required that δn < δ0 and hence
ϕθn,δn,εn(p̂
(n),j
t ) is 0 for all j ∈ JdK and t ∈ [0, T ] (recall that p̂(n),j is stopped before entering
the support of ϕ), the term (R
(n),3
t )0≤t≤T is constantly 0. We hence derive the almost sure
limit of the first three terms (the initial condition being excluded) in the expansion of p̂(n).
As for (R
(n),4
t )0≤t≤T , we observe by Doob’s inequality that, since the second moment of the
stochastic integral is uniformly bounded with respect to n, supt∈[0,T ] |R(n),4t | tends to 0 in
probability.
Thus we can conclude that, with probability 1, the limit process (p,α) solves equation
(5.5).
Step 3. We keep the same notation as in the second step (working in particular with the
same Skorokhod representation sequence). Since
P
(
inf
0≤t≤T
min
i∈JdK
p̂i,θn,δn,εnt ≤ 3δ0
)
≥ P (τθn,δn,εn < T )
and the limit process satisfies
P
(
inf
0≤t≤T
min
i∈JdK
pit ≤ 3δ0
)
= 0,
Portmanteau Theorem gives
lim
n→∞P (τθn,δn,εn < T ) = 0. (5.6)
Now,
E
[
sup
t∈[0,T ]
∣∣pθn,δn,εnt − pt∣∣] ≤ E[ sup
t∈[0,T ]
∣∣pθn,δn,εnt − pt∣∣1{τθn,δn,εn<T}]+ E[ supt∈[0,T ]∣∣p̂θn,δn,εnt − pt∣∣
]
≤ 2P (τθn,δn,εn < T ) + E
[
sup
t∈[0,T ]
∣∣p̂θn,δn,εnt − pt∣∣].
The first term in the right-hand side tends to 0 by (5.6) and the second term by the con-
vergence result proved in the second step (the almost sure convergence also holding true
in L1 since the underlying processes take values in the simplex). Therefore we obtain
limn→∞ E[supt∈[0,T ] |pθn,δn,εnt − pt|] = 0. This in particular implies that the collection of
the laws of the random variables (pθ,δ,ε,αθ,δ,ε)0<2θ<δ≤δ0,0<ε≤ε0 is tight (on the same space
as before).
Step 4. We pass to the limit in the cost. To this end, we use the convenient notations
p(n) := pθn,δn,εn and J (n)(·) := J εn,ϕθn,δn,εn (·), see (2.11). By convexity (splitting αi,jt into
α
(n),i,j
t + (α
i,j
t − α(n),i,jt )), we have
J (n)(α(n))− E[J (α)]
= E
[∫ T
0
(
1
2
∑
i6=j p
(n),i
t |α(n),i,jt |2 + F (p(n)t )− 12
∑
i6=j p
i
t|αi,jt |2 − F (pt)
)
dt
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+G(p
(n)
T )−G(pT )
]
(5.7)
≥ E
[∫ T
0
1
2
∑
i
(p
(n),i
t − pit)
∑
j 6=i |α
(n),i,j
t |2dt
]
+ E
[∫ T
0
∑
i
pit
∑
j 6=i α
i,j
t (α
(n),i,j
t − αi,j)
]
+ E
[∫ T
0
(
F (p
(n)
t )− F (pt)
)
dt+G(p
(n)
T )−G(pT )
]
.
Since limn→∞ E[supt∈[0,T ] |p(n)t − pt|] = 0, the first and third term in the lower bound go to 0
(using the boundedness of α(n) and the regularity of F and G). As for the second term, it can
be proved to tend to 0 by combining the convergence α(n) ⇀ α with Lebesgue dominated
convergence theorem. Thus we obtain E[J (α)] ≤ lim infn→∞J (n)(α(n)).
In order to complete the proof, consider any deterministic control β ∈ E (in particular,
the off-diagonal components are bounded by M). Then, denote by p(n),β the simplex-valued
solution to (2.12) with ε = εn therein under the same initial condition (0, p0) as before but
under the deterministic control β (see [1, Proposition 2.1] for a solvability result). Differently
from the analysis performed for p(n), the choice of the noise does not really matter here,
meaning that we can work with the original Brownian motions (Bi,j)i6=j . Indeed, by the
same localization argument as in Steps 2 and 3, it can be proved by a standard stability
argument (without any further need of weak compactness) that E[supt∈[0,T ] |p(n),βt − p◦t (β)|]
tends to 0 as n tends to ∞. We deduce limn→∞ J (n)(β) = J (β). Therefore we obtain
E[J (α)] ≤ lim inf
n→∞ J
(n)(α(n)) ≤ lim sup
n→∞
J (n)(α(n)) ≤ lim
n→∞J
(n)(β) = J (β) (5.8)
for any β ∈ E . Provided that all the minimizers of J belong to E , this implies that α
belongs with probability 1 to the set of minimizers of J over E and further that (5.3) holds
(in particular the limit exists). The fact that optimizers of J –over L∞ controls– belong to
E is proved in the next Proposition 5.2, together with other properties of the inviscid MFCP.
Step 5. As for the proof of (5.4), we can assume without any loss of generality that
t0 = 0. Observing that the family (Vθ,δ,ε(0, p0))θ,δ,ε is bounded (since F and G themselves
are bounded and the control process in (2.11)–(2.12) is bounded by M), (5.4) follows from
(5.3) together with a standard compactness argument. 
5.2. Properties of the inviscid MFCP. Before we turn to the proof of Theorem 2.6, we
address various properties of the value function of the inviscid MFCP. In this respect, it is
useful to work with the system of local coordinates (x1, · · · , xd−1) introduced in Subsection
3.1. The dynamics over which the MFCP (2.10) is defined then have the form (sums are
here over Jd− 1K)
x˙it =
∑
j 6=i
(
xjtα
j,i
t − xitαi,jt
)
+ x−dt α
d,i
t − xitαi,dt , (5.9)
for i ∈ Jd−1K, with the useful notation that x−dt = 1−
∑
l∈Jd−1K xlt. Above, the (deterministic)
control α = ((αi,jt )i,j∈JdK)0≤t≤T is as in (2.3); as we already explained, we assume
9 it to be
bounded (but not uniformly bounded by M). Also, the initial condition is taken in the
interior of Ŝd, which implies in particular that the whole path x remains in the interior of
the simplex. Lastly, following (3.2) and (3.6) (but paying attention that M is formally taken
as +∞), the Hamiltonian of the problem is given, for z ∈ Rd−1, by (sums are here over
9 The unbounded case looks more difficult. One issue is that the Lagrangian 1
2
∑
i
pi
∑
j 6=i
|αi,j |2 is not
Lipschitz continuous in p, uniformly in α, if α is not in a compact set. Another issue is that the Lagrangian is
not uniformly coercive on the simplex: As a result, we can easily cook up instances of unbounded controls that
drive the trajectory to the boundary but that remains of a bounded energy; and, in turn, those trajectories
precisely fall within the region where the Lagrangian is degenerate, which makes their analysis more difficult.
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Jd− 1K)
Ĥ(x, z) =
∑
i
xiĤ
i(z) + x−dĤd(z),
with Ĥ i(z) = −12
(∑
j 6=i(zi − zj)
2
+ + (zi)
2
+)
)
, Ĥd(z) = −12
∑
j
(−zj)2+.
(5.10)
It is important to observe that this Hamiltonian is strictly concave in z, for any x ∈ Int(Ŝd).
Indeed, Ĥ is the sum of a concave function and of −12 min(mini∈Jd−1K(xi), x−d)
∑
i z
2
i . More-
over, we may also write down the corresponding Pontryagin principle: x˙
i
t =
∑
j 6=i
(
xjt(z
j
t − zit)+ − xit(zit − zjt )+
)
+ x−dt (−zit)+ − xit(zit)+,
z˙it = −
(
Ĥ i(zt)− Ĥd(zt) + f̂ i(xt)− f̂d(xt)
)
, ziT = ĝ
i(xT )− ĝd(xT ), (5.11)
for i ∈ Jd−1K and for a given initial condition in [0, T ]×Int(Ŝd). It is worth noticing that the
Pontryagin principle is here stated in local coordinates, or equivalently in dimension d − 1.
For sure, we can also state it in dimension d, in which case the forward-backward system
coincides with the standard MFG system (the sum below is over JdK) p˙
i
t =
∑
j 6=i
(
pjt(u
j
t − uit)+ − pit(uit − ujt)+
)
,
u˙it = −
(
H
(
(uit − ujt )j∈JdK
)
+ f i(pt)
)
, uiT = g
i(pT ),
(5.12)
with H as in (2.22). It is pretty easy to see that the two systems (5.11) and (5.12) are
equivalent: Given a solution u to (5.12), it suffices to let z = ((zit := (u
i
t−udt ))i∈Jd−1K)t0≤t≤T ,
where t0 is the initial time. Conversely, given z a solution to (5.12), it suffices to solve (5.12)
where all the occurrences of uit − ujt have been replaced by zit − zjt if j ∈ Jd− 1K and by zit if
j = d.
The fact that Ĥ is strictly concave permits to apply to our situation several results from
[6, Chapter 7, Section 4], which we collect in the form of a single proposition, although part
of the notions are introduced in detail or explicitly used in Section 6. It is worth mentioning
that the results of [6] are stated for a dynamics in Rd, but is it straightforward to see that
they apply also to our situation because, when working in local coordinates, any trajectory
remains in Int(Ŝd), if starting from Int(Ŝd).
Proposition 5.2. Assume that F and G are in C1(Sd). Recall that V : [0, T ] × Sd → R is
the value function of the MFCP (2.10), and call V̂ : [0, T ] × Ŝd → R its formulation in local
coordinates, i.e. V̂(t, x) = V(t, xˇ) . If the initial condition p0 ∈ Int(Sd), then
(i) An optimal (bounded) control exists and is bounded by M = 2(‖g‖∞ + T‖f‖∞);
(ii) If α is an optimal control and p the related optimal trajectory, then there exist u
solving (5.12) and z solving (5.11), and α is given by (αi,jt = (u
i
t − ujt )+)t0≤t≤T ;
(iii) V̂ is a viscosity solution of (2.21) on [0, T ]×Int(Ŝd), at least when (2.21) is formulated
in local coordinates, see Definition 6.1;
(iv) V̂ is (time-space) Lipschitz-continuous on [0, T ]×Int(Ŝd) and thus also on [0, T ]×Ŝd.
If F and G are in C1,1(Sd), then
(v) V̂ is semiconcave on [0, T ] × Int(Ŝd) and thus also in [0, T ]× Ŝd;
(vi) V is differentiable at (t, pt), for any t > t0 and any optimal trajectory p starting from
(t0, p0), with p0 ∈ Int(Sd);
(vii) If the optimal control for the MFCP starting in (t0, p0) is unique (in particular this
holds true when (5.12) is uniquely solvable), then V is differentiable in (t0, p0).
If we assume in addition that V is differentiable at (t0, p0), with p0 ∈ Int(Sd), then
(viii) There exists a unique optimal control process α and an optimal trajectory p for the
MFCP starting from (t0, p0), and the optimal control is given in feedback form by
αi,jt = (diV(t, pt)− djV(t, pt))+ , t ∈ [t0, T ];
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(ix) The adjoint equation in (5.11) is such that zit = ∂xi V̂(t, xt) for any t ∈ [t0, T ] and
i ∈ Jd− 1K.
In point (iii), we refer to Definition 6.1 for a reminder on the notion of viscosity solution;
In points (v)–(ix), we refer to the assumption of Theorem 2.6 for the meaning of the notation
C1,1; In point (v), by time-space semiconcavity, we mean that there exists a constant c such
that, for any t ∈ [0, T ], x ∈ Int(Ŝd), s with t± s ∈ [0, T ] and ξ with x± ξ ∈ Int(Ŝd),
v(t+ s, x+ ξ)− 2v(t, x) + v(t− s, x− ξ)
|s|2 + |ξ|2 ≤ c. (5.13)
Notice that we also exploit the notion of semiconcavity, but in space only, in the next
section, see (6.11). Also, not only in the statement but also throughout the rest of the
text, differentiability of V is understood as time-space differentiability (unless it is stated
differently, in which case differentiability is explicitly referred to as space differentiability).
Last, we stress that (vii) follows from Theorem 7.4.20 in [6], but the statement therein
assumes that the Hamiltonian is strictly convex; in fact, it is clear from the proof that the
authors mean strictly convex in z only.
Proof. To prove (i), assume first that controls are bounded by R, for some R > M . Then
an optimal control αR exists by [6, Theorem 7.4.5] and, by the Pontryagin principle [6,
Theorem 7.4.17], point (ii) holds but with the truncated Hamiltonian (H iR)i∈JdK defined
as in (3.2). Thus, αR induces an equilibrium p
◦(αR) to the MFG (2.1)–(2.2) and (using
the coercivity of the Lagrangian on the interior of the simplex) is of the form ((αi,jR,t =
(uit − ujt)+)i,j∈JdK:i6=j)0≤t≤T , where u = ((uit)i∈JdK)0≤t≤T is the value process associated with
the optimization problem J( · ;p◦(αR)) in (2.1), set over controls that are bounded by R.
Choosing 0 as control in (2.1), we observe that u is upper bounded by M/2. In order to
prove that −M/2 is a lower bound, it suffices to lower bound the quadratic cost by zero in
the cost functional J( · ;p◦(αR)). Hence, αR is bounded by M , which is independent of R,
implying that an optimal control exists over the set of bounded controls. Therefore, (i) and
(ii) are proved and the other points follow now from the results in [6, Section 7.4]. 
Since V is almost everywhere differentiable in [0, T ] × Sd, the above result, together with
Theorem 5.1, implies that the sequence of optimal trajectories (pθ,δ,ε)0<2θ≤δ≤δ0,0<ε≤ε0 admits
a true limit for almost every initial condition (t0, p0) (the convergence hence holding true
in probability). Moreover, point (vi) above permits to say more about the convergence also
when starting from a point of non-differentiability: The randomness of the limit trajectory
is enclosed in the initial time only. We summarize in the following:
Corollary 5.3. Assume that F is in C1,1(Sd) and G in C1,2+γWF (Sd) for a given γ ∈ (0, 1).
Then, if V is differentiable in (t0, p0), with p0 ∈ Int(Sd), then, the following holds true in
probability (the first one on C([0, T ];Sd) and the second one on E),
lim
(θ,δ,ε)→(0,0,0)
p
θ,δ,ε
[t0,p0]
= p[t0,p0] lim
(θ,δ,ε)→(0,0,0)
α
θ,δ,ε
[t0,p0]
= α[t0,p0], (5.14)
where p[t0,p0] is the unique optimal trajectory and α[t0,p0] the unique optimal control process
of the limiting MFCP, see the notation in the introduction of Subsection 5.1.
Moreover, if V is not differentiable in (t0, p0), the limit of any converging subsequence is
supported on a set of (optimal) trajectories which do not branch strictly after the initial time.
5.3. Selection for the master equation. Although Corollary 5.3 provides an interesting
information about the limiting behavior of the equilibrium pθ,δ,ε as the parameters (θ, δ, ε)
tend to 0, it says nothing about the asymptotic behavior of the related equilibrium cost.
We address this question in this subsection; in particular, we prove here Proposition 2.5 and
Theorem 2.6. Throughout, we assume that F ∈ C1,γWF(Sd) and G ∈ C1,2+γWF (Sd) for a given
γ ∈ (0, 1); at some point, we need to strengthen the condition on F and assume it to belong
to C1,1(Sd), see Proposition 5.10 and Theorem 5.11.
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Actually, part of the difficulty for passing to the limit in the cost J˜ε,ϕ defined by (4.9) is
to control the distance from the equilibrium to the boundary. Back to the formula (5.1), it
is indeed plain to see that ϕ should become steeper and steeper (and hence |ϕ′| larger and
larger) in the neighborhood of 0 as (θ, δ, ε) tends to 0, whence the need for some uniform
integrability properties on the inverse of the distance from pθ,δ,ε to the boundary. We here
collect several useful a priori bounds in this direction. Proofs of the first three statements
are postponed to the end of the section, see Subsection 5.4.
Proposition 5.4. For (θ, δ, ε) and ϕ = ϕθ,δ,ε as in (5.1), with κ0 ≥ ε2/2 and ε0 := κ2/κ0 ≥
ε2, and for any initial condition (t0, p0) ∈ [0, T ] ∈ Int(Sd) and any λ > 0 and i ∈ JdK,
E
[
exp
{
λ
ε2
(
κ0 − ε
2 + λ
2
) ∫ T
t0
1
pi,θ,δ,εt
1[0,δ](p
i,θ,δ,ε
t )dt
}]
≤ e
TC(δ,ε,λ)
(pi0)
λ/ε2
, (5.15)
E
[
exp
{
λ
(
κ0 − ε
2(1 + λ)
2
) ∫ T
t0
1
pi,θ,δ,εt
1[0,δ](p
i,θ,δ,ε
t )dt
}
1{inft0≤t≤T p
i,θ,δ,ε
t >2θ}
]
≤ e
TC(δ,λ)
(pi0)
λ
,
(5.16)
with C(δ, ε, λ) := ε−2[λ(1+λ)/(2δ)+λd(κε+κ0+M)] and C(δ, λ) := λ(1+λ)/(2δ)+λd(κ0+
M), and where pθ,δ,ε is here understood as pθ,δ,ε[t0,p0].
Proposition 5.5. For any λ ≥ 1, there exists a constant κ¯0 (depending on λ and κ2) such
that, for any κ0 ≥ κ¯0 and any compact subset10 K ⊂ Int(Sd), we can find (strictly) positive
constants C¯, δ¯0, ε¯0 and (strictly) positive-valued functions θ̂(δ, ε) ε̂(δ) and δ̂(ε) converging
to 0 in (0, 0), 0 and 0 respectively (all these items only depending on κ0, κ2, K, λ, M , T
and d), such that
∀δ ∈ (0, δ¯0], ∀ε ∈ (0, ε̂(δ)], ∀θ ∈ (0, θ̂(δ, ε)], Ψ
(
λ, θ, δ, ε,K) ≤ C¯, (5.17)
∀ε ∈ (0, ε¯0], ∀θ ∈ (0, θ̂(δ̂(ε), ε)], Ψ
(
λ, θ, δ̂(ε), ε,K) ≤ C¯, (5.18)
where
Ψ
(
λ, θ, δ, ε,K) =max
i∈JdK
sup
(t0,p0)∈[0,T ]×K
E
[
exp
{
λ
∫ T
t0
([
ϕθ,δ,ε − ϕ′θ,δ,ε
]
(pi,θ,δ,ε[t0,p0],t) +
1
pi,θ,δ,ε[t0,p0],t
)
dt
}]
.
With the same notations, it also holds that
∀ε ∈ (0, ε¯0], ∀θ ∈ (0, θ̂(δ̂(ε), ε)],
min
i∈JdK
inf
(t0,p0)∈[0,T ]×K
P
(
inf
t0≤t≤T
p
i,θ,δ̂(ε),ε
[t0,p0],t
≥ C¯
)
≥ 1− 2 exp(−ε−1), (5.19)
In what follows, we prefer to state the convergence result as limits as the viscosity parame-
ter ε2 tends to 0, instead of limits as δ tends to 0, which explains why, in (5.18) and (5.19), we
consider δ as a function of ε, and θ as function of ε and δ. In order to formulate the next state-
ment properly, we need another notation. Similar to pθ,δ,ε[t0,p0], q
θ,δ,ε
[t0,p0,q0]
:= (qθ,δ,ε[t0,p0,q0],t)t0≤t≤T
denotes the solution to (2.5) with q0 as initial condition at time t0, when (p,α) therein is un-
derstood as (pθ,δ,ε[t0,p0],α
θ,δ,ε
[t0,p0]
). In particular, it should be clear for the reader that pθ,δ,ε[t0,p0] and
q
θ,δ,ε
[t0,p0,p0],t
are the same. When there is no ambiguity on the choice of the initial condition,
we merely write q.
Lemma 5.6. For ℓ ≥ 1, we can find λ := λ¯(ℓ), only depending on ℓ and d and then take κ¯0
accordingly in Proposition 5.5 (in terms of λ and κ2 only) such that, for any κ0 ≥ κ¯0 and
any compact subset K included in Int(Sd), it holds that, for ε¯0, θ̂ and δ̂ as in Proposition 5.5,
10Here, K is regarded as a compact subset of Sd, but, obviously, we could regard it as a (d−1)-dimensional
compact subset of Ŝd.
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for any state i ∈ JdK and any initial point (t0, p0, q0) ∈ [0, T ]×K×Sd, and for any ε ∈ (0, ε¯0]
and θ ∈ (0, θ̂(δ̂(ε), ε)],
sup
t0≤t≤T
E
[∑
i∈JdK
(
p
i,θ,δ̂(ε),ε
[t0,p0],t
)−ℓ] ≤ C, (5.20)
E
[
sup
t0≤t≤T
∑
i∈JdK
(
q
i,θ,δ̂(ε),ε
[t0,p0,q0],t
)ℓ] ≤ C, (5.21)
where C depends only on κ0, κ2, K, ℓ, M , T and d.
Proposition 5.7. We can find κ¯0 ≥ 0, only depending on κ2 and d, such that, for any
κ0 ≥ κ¯0 and any compact subset K included in Int(Sd), there exist constants C¯ and ε¯0, only
depending on κ0, κ2, K, ‖f‖∞, ‖g‖∞, T and d and functions θ̂(δ, ε) and δ̂(ε) as in the
statement of Proposition 5.5 (with λ therein a fixed constant whose value is made explicit in
the proof in terms of d only and is, in particular, required to be greater than λ¯(12) in Lemma
5.6) such that, for Vθ,δ,ε = (V
i
θ,δ,ε)i∈JdK denoting the solution to (3.8) with ϕ = ϕθ,δ,ε therein,
and for any ε ∈ (0, ε¯0] and θ ∈ (0, θ̂(δ̂(ε), ε)],
sup
t∈[0,T ]
sup
p∈K
max
i∈JdK
∣∣V i
θ,δ̂(ε),ε
(t, p)
∣∣ ≤ C¯. (5.22)
Moreover, if (t0, p0) ∈ [0, T ] × K, for the same values of κ0, ε and θ (indices in the sums
below being taken in JdK),
E
[
sup
t0≤t≤T
max
i∈JdK
∣∣∣V i
θ,δ̂(ε),ε
(t, p
θ,δ̂(ε),ε
t )
∣∣∣2] ≤ C¯, (5.23)
E
[ ∫ T
t0
∑
i,j,k
∣∣∣W i,j,k
θ,δ̂(ε),ε
(
t, p
θ,δ̂(ε),ε
t
)∣∣∣2dt] ≤ C¯, (5.24)
E
[∫ T
t0
∑
j,k
∣∣∣Υj,k
θ,δ̂(ε),ε
(
t, p
θ,δ̂(ε),ε
t
)∣∣∣2dt] ≤ C¯, (5.25)
where W
θ,δ̂(ε),ε
is defined by (4.3) and Υ
θ,δ̂(ε),ε
by (4.7), with ϕ = ϕ
θ,δ̂(ε),ε
.
Proof of Proposition 5.7. For a suitable λ > 1 that will be fixed in (5.26) below in terms of
d only, we consider κ¯0 as in the statement of Proposition 5.5 but with λ therein replaced by
2λd (the need for changing λ into 2λd is made clear in the proof, see again the discussion
right after (5.26); in short λ in the statement should be understood as 2λd in the sequel
of the proof). Then, for any κ0 ≥ κ¯0 and for any compact subset K included in Int(Sd),
we consider δ¯0, ε¯0, θ̂(δ, ε) and δ̂(ε) also as in the statement of Proposition 5.5. We then
fix ε ∈ (0, ε¯0], θ ∈ (0, θ̂(δ̂(ε), ε)] and (t0, p0) ∈ [0, T ] × K and we write p for the process
pθ,δ̂(ε),ε = (p
θ,δ̂(ε),ε
t )t0≤t≤T , ϕ for ϕθ,δ̂(ε),ε and (V
i)i∈JdK for the corresponding solution to
(3.8), and similarly for (W i,j,k)i,j,k∈JdK and (Υi,j)i,j∈JdK. We then let (vit := V i(t, pt))t0≤t≤T ,
for i ∈ JdK, and (wi,j,kt := W i,j,k(t, pt))t0≤t≤T , for i, j, k ∈ JdK. We know that (vt, wt)t0≤t≤T
satisfy (4.2). We consider then
Et := exp
{
λ
∫ t
t0
∑
j∈JdK
([
ϕ− ϕ′](pjs) + (pjs)−1)ds}, t0 ≤ t ≤ T.
Itô’s formula and (4.2) give (indices being taken in JdK)
d
(
Et|vit|2
)
= 2Etvitdvit + λEt|vit|2
∑
j
([
ϕ− ϕ′](pjt) + (pjt)−1)dt+ Et∑j,k |wi,j,kt |2dt
= −2Etvit
(
H˜ i(vt)− 1d
∑
l
H˜ l(vt) + f
i(pt)− 1d
∑
l
f l(pt)
)
dt
− 2Etvit
(∑
j
(
ϕ(pjt )− pjtϕ′(pit)
)
(vjt − vit)− 1d
∑
j,l
(
ϕ(pjt )− pjtϕ′(plt)
)
(vjt − vlt)
)
dt
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−
√
2εEtvit
(∑
j
√
pjt (p
i
t)
−1
(
wi,i,jt + w
j,j,i
t
)
− 1d
∑
j,l
√
pjt(p
l
t)
−1
(
wl,l,jt + w
j,j,l
t
))
dt
+ 2Etvit
∑
j,k
wi,j,kt dB
j,k
t + λEt|vit|2
∑
j
([
ϕ− ϕ′](pjt) + (pjt)−1)dt+ Et∑j,k |wi,j,kt |2dt.
Integrating from t ≥ t0 to T and using the Lipschitz continuity of the Hamiltonian and the
boundedness of f and g, we deduce that there exists a constant C, which is allowed to vary
from line to line as long as it only depends on the same parameters as C¯ in the statement,
such that
Et|vit|2 + λ
∫ T
t
Es|vis|2
∑
j
([
ϕ− ϕ′](pjs) + (pjs)−1)ds+ ∫ T
t
Es
∑
j,k
|wi,j,ks |2ds
≤ ET |gi(pT )|2 + 2
∫ T
t
Esvis
∑
j,k
wi,j,ks dB
j,k
s +
∫ T
t
Es|vis|
{
C +C|vs|+ cd|vs|
∑
j
[
ϕ− ϕ′](pjs)
+ cdε
∑
j,l
√
pjs(pls)
−1(|wl,l,js |+ |wj,j,ls |)}ds,
where cd only depends on d. Hence, by Young’s inequality ab ≤ 2ηa2 + b2/2η, which holds
true for any η > 0,
Et|vit|2 + λ
∫ T
t
Es|vis|2
∑
j
([
ϕ− ϕ′](pjs) + (pjs)−1)ds+ ∫ T
t
Es
∑
j,k
|wi,j,ks |2ds
≤ CET + C
∫ T
t
Es
(
1 + |vs|2
)
ds+ cd
∫ T
t
Es|vs|2
∑
j
[
ϕ− ϕ′](pjs)ds
+ 8η
∫ T
t
Es
∑
j,l
|wj,j,ls |2ds+
c2d
2η
ε2
∫ T
t
Es|vis|2
∑
l
(pls)
−1ds+ 2
∫ T
t
Esvis
∑
j,k
wi,j,ks dB
j,k
s .
By summing over i ∈ JdK, we get
|vt|2Et + λ
∫ T
t
Es|vs|2
∑
j
([
ϕ− ϕ′](pjs) + (pjs)−1)ds+ ∫ T
t
Es
∑
i,j,k
|wi,j,ks |2ds
≤ CET + C
∫ T
t
Es
(
1 + |vs|2
)
ds+ cdd
∫ T
t
Es|vs|2
∑
j
[
ϕ− ϕ′](pjs)ds
+ 8ηd
∫ T
t
Es
∑
i,j,k
|wi,j,ks |2ds+
c2d
2η
ε2
∫ T
t0
Es|vs|2
∑
l
(pls)
−1ds+ 2
∫ T
t
Es
∑
i,j,k
visw
i,j,k
s dB
j,k
s .
Choosing η = 1/(16d) and λ = max(λ¯(12)/(2d), (32c2d + cd)d+ 1/2), we obtain
Et|vt|2 + 12
∫ T
t
Es|vs|2
∑
j
([
ϕ− ϕ′](pjs) + (pjs)−1)ds+ 12 ∫ T
t
Es
∑
i,j,k
|wi,j,ks |2ds
≤ CET + C
∫ T
t
Es
(
1 + |vs|2
)
ds+ 2
∫ T
t
Es
∑
i,j,k
visw
i,j,k
s dB
j,k
s . (5.26)
The stochastic integral is a martingale since (vit)t0≤t≤T and (w
i,j,k
t )t0≤t≤T are bounded (pos-
sibly not uniformly in ε at this stage of the proof). Also, by (5.18) in Proposition 5.5,
replacing therein λ by 2λd (as we already explained) and then using Hölder’s inequality, we
have E[E2T ] ≤ C for our choices of κ¯0 and κ0 (the latter being greater than κ¯0). Therefore,
taking expectation in the above inequality and applying Gronwall’s lemma, we get
sup
t0≤t≤T
E
[
Et|vt|2
]
+ E
[∫ T
t0
Et
∑
i,j,k
|wi,j,kt |2dt
]
≤ C. (5.27)
In order to pass the supremum inside the expectation in the first term of the left-hand side, we
return back to (5.26), take the supremum therein and then apply Burkholder-Davis-Gundy’s
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inequality to handle the martingale, noticing that
E
[(∫ T
t0
E2t
∑
i,j,k
∣∣vitwi,j,kt ∣∣2dt)1/2] ≤ E[( sup
t0≤t≤T
Et|vt|2
)1/2(∫ T
t0
Et
∑
i,j,k
∣∣wi,j,kt ∣∣2dt)1/2]
≤ CE
[
sup
t0≤t≤T
Et|vt|2
]1/2
,
where we used (5.27) together with Cauchy-Schwarz inequality to get the last line. We easily
obtain
E
[
sup
t0≤t≤T
Et|vt|2
]
≤ C + CE
[
sup
t0≤t≤T
Et|vt|2
]1/2
,
which is enough to derive (5.23), recalling that the left-hand side is already known to be
finite. Taking t = t0 in (5.23) and then letting (t0, p0) vary over the entire [0, T ] × K, we
obtain (5.22).
Inequality (5.24) derives from (5.27). Finally, in order to prove (5.25), we return back to
(4.5) and then expand (Y(t, pt))t0≤t≤T by Itô’s formula. We get
Y(t, pt) =
〈
pT , g
•(pT )
〉
+
∫ T
t
[∑
j,k
(
1
2p
j
s|αj,ks |2 + pjspksϕ′(pjs)
(
vjs − vks
))
+
〈
ps, f
•(ps)
〉]
ds
+ 1√
2
ε
∫ T
t
√
pjspks
(
djY(s, ps)− dkY(s, ps)
)
dBj,ks .
By Proposition 5.5 and by (5.23) (recall also that α is bounded by M), we have a bound for
the second order moment of the right-hand side in the first line. Taking t = t0, passing the
stochastic integral to the left, squaring the whole equality and then tacking expectation, we
get the announced result. 
We now address the (local) uniform convergence of the value function Vθ,δ,ε (of the viscous
MFCP) towards the value function V of the inviscid MFCP. Recall that the convergence is
already known to hold pointwise, see Theorem 5.1. Recall also that Vθ,δ,ε = DVθ,δ,ε solves
(3.8).
Proposition 5.8. We can find κ¯0 ≥ 0, only depending on κ2 and d, such that, for any
κ0 ≥ κ¯0 and any compact subset K included in Int(Sd), for the same two functions θ̂(δ, ε)
and δ̂(ε) as in the statement of Proposition 5.7 (which only depend on κ0, κ2, K, ‖f‖∞,
‖g‖∞, T and d), it holds that
lim
ε→0Vθ̂(δ̂(ε),ε),δ̂(ε),ε = V, (5.28)
uniformly on [0, T ] ×K.
Proof. Throughout the proof, we consider κ¯0 as in the statement of Proposition 5.7 and then,
for κ0 ≥ κ¯0 and for two compact subsets K and K′ included in Int(Sd) such that the interior
of K′ contains K, we consider ε¯0, θ̂(δ, ε) and δ̂(ε) as in the statement of Proposition 5.7 when
the compact subset therein is not K but K′. For simplicity, we let Vε := Vθ̂(δ̂(ε),ε),δ̂(ε),ε and
similarly for Vε, for ε ∈ (0, ε¯0].
Step 1. The first step is to prove that the functions (Vε)0<ε≤ε¯0 are uniformly continuous on
[0, T ]×K. In fact, recalling that Vε = DVε, we already know from (5.22) that the functions
(Vε)0<ε≤ε¯0 are uniformly Lipschitz continuous in space on [0, T ] ×K′.
In order to prove uniform continuity in time, we fix some ε ∈ (0, ε¯0] together with an
initial condition (t0, p0) ∈ [0, T ] × K. Writing pε for pθ̂(δ̂(ε),ε),δ̂(ε),ε[t0,p0] and similarly for αε, we
define the stopping time σε := inf{t ≥ t0 : pεt 6∈ K′}∧T . Since δ̂(ε) tends to 0 with ε, we can
change the value of ε¯0 in such a way that qi > 2δ̂(ε), for any ε ∈ (0, ε¯0], i ∈ JdK and q ∈ K′.
Since ϕε := ϕθ̂(δ̂(ε),ε),δ̂(ε),ε is zero outside [0, 2δ̂(ε)], we deduce that, up to the stopping time
σε, p
ε does not see the function ϕε in its own dynamics (2.12). Also, since the off-diagonal
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entries of the control αε in (2.12) are bounded by M , we easily deduce that there exists a
constant C, independent of ε and (t0, p0), such that, for any t ∈ [t0, T ],
E
[
sup
t0≤s≤t∧σε
|pεs − p0|2
]
≤ C(t− t0). (5.29)
In particular, denoting by dist(K, (K′)∁) the distance from K to the complementary of K′
and then allowing the value of C to vary from line to line (and to depend on both K and K′
but not on ε), we have
P
(
σε < t
) ≤ P( sup
t0≤s≤t∧σε
|pεs − p0| ≥ dist
(K, (K′)∁)) ≤ C(t− t0). (5.30)
We now apply Itô’s formula to (Vε(t, pt))t0≤t≤σε . By the HJB equation (2.13) (see also (3.5)),
we obtain, for any t ∈ [t0, T ],
Vε(t0, p0) = E
[∫ t∧σε
t0
(
1
2
∑
i∈JdK p
i
s
∑
j∈JdK:j 6=i |α
ε,i,j
s |2 + F
(
pεs
))
ds+ Vε
(
t ∧ σε, pεt∧σε
)]
.
Subtracting Vε(t, p0) to both sides and recalling that the integrand in the right-hand side
can be bounded independently of ε, we deduce that∣∣Vε(t0, p0)− Vε(t, p0)∣∣
≤ C(t− t0) + E[∣∣Vε(t ∧ σε, pεt∧σε)− Vε(t, pεt∧σε)∣∣]+ E[∣∣Vε(t, pεt∧σε)− Vε(t, p0)∣∣]
≤ C(t− t0) + 2‖Vε‖∞P(σε < t)+ CE[|pεt∧σε − p0|],
where we used the Lipschitz property of Vε in the space variable (at least whenever the
latter belongs to K′) to derive the last line. Since the value function Vε can be bounded
independently of ε (using for instance the fact that controls themselves are required to be
bounded), we deduce from (5.29) and (5.30) that∣∣Vε(t0, p0)− Vε(t, p0)∣∣ ≤ C(t− t0)1/2,
which shows that the functions (Vε)0<ε≤ε¯0 are uniformly continuous in time (and hence in
time and space) on [0, T ] ×K.
Step 2. Applying Ascoli-Arzelá theorem, we deduce that there exist a subsequence (Vεn)n≥0
and a function VK, a priori depending on K, such that limn→∞ Vεn = VK uniformly in
[0, T ] × K. Thanks to (5.3), we have pointwise convergence limε→0 Vε(t0, p0) = V(t0, p0) for
any t0 ∈ [0, T ] and p0 ∈ Int(Ŝd). Hence any subsequence (Vεn)n≥0 converges uniformly to
the same limit which is the value function, and thus we obtain limε→0 Vε = V uniformly in
[0, T ] ×K. 
We are now in position to prove a preliminary version Proposition 2.5, but restricted to
initial conditions in a compact subset of [0, T ] × Int(Sd):
Proposition 5.9. We can find κ¯0 ≥ 0, only depending on κ2 and d, such that, for any
κ0 ≥ κ¯0 and any compact subset K included in Int(Sd), for the same two functions θ̂(δ, ε)
and δ̂(ε) as in the statement of Proposition 5.7 (which only depend on κ0, κ2, K, ‖f‖∞,
‖g‖∞, T and d), the additional cost induced by (4.6) tends to 0 with ε:
lim
ε→0
Ξ
θ̂(δ̂(ε),ε),δ̂(ε),ε
(
t0, p0, q0
)
= 0, (5.31)
uniformly in t0 ∈ [0, T ], p0 ∈ K and q0 ∈ Sd, where
Ξθ,δ,ε
(
t0, p0, q0
)
= E
[∣∣∣∣ ∫ T
t0
∑
i∈JdK
qi,θ,δ,ε[t0,p0,q0],tϑ
i,ε,ϕθ,δ,ε(t, pθ,δ,ε[t0,p0],t)dt
∣∣∣∣].
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Proof. Throughout the proof, we consider κ¯0 as in the statement of Proposition 5.7 (and
implicitly the same value of λ as in its proof, see (5.26) and the discussion below (5.26)) and
then, for κ0 ≥ κ¯0 and for a compact subset K included in Int(Sd), we consider ε¯0, θ̂(δ, ε) and
δ̂(ε), also as in the statement of Proposition 5.7. For simplicity, we let ϕε := ϕθ̂(δ̂(ε),ε),δ̂(ε),ε
and Vε := Vθ̂(δ̂(ε),ε),δ̂(ε),ε for ε ∈ (0, ε¯0]. Similarly, we use the abbreviated notations pε and qε
for the two processes appearing in (5.31), the underlying initial condition (t0, p0, q0) being
fixed in [0, T ] × K × Sd (which is licit provided we prove that the convergences below hold
uniformly with respect to (t0, p0, q0)). To prove the claim, we have to show (see (4.6)) that
(uniformly with respect to the initial condition)
lim
ε→0E
[∣∣∣∣∫ T
t0
∑
k
qε,kt
∑
j
pε,jt ϕ
′
ε(p
ε,k
t )
(
V kε (t, p
ε
t )− V jε (t, pεt )
)
dt
∣∣∣∣] = 0, (5.32)
lim
ε→0
ε√
2
E
[∣∣∣∣∫ T
t0
∑
k
qε,kt
∑
j
√
pε,jt (p
ε,k
t )
−1(W˜ j,j,kε − W˜ k,k,jε − 2Υk,jε )(t, pεt )dt∣∣∣∣] = 0, (5.33)
where Wε =Wθ̂(δ̂(ε),ε),δ̂(ε),ε and similarly for Υε.
We begin by proving (5.32). We know from (5.19) (all the results from Proposition 5.5 are
applied with 2λd, see again the discussion below (5.26)) that limε→0 P(inft0≤t≤T mink∈JdK p
ε,k
t ≤
η) = 0 for η > 0 small enough (independently of ε), the convergence being uniform with
respect to the initial point (t0, p0) ∈ [0, T ] × K. Together with the fact that the support of
ϕ′ε shrinks with ε, we deduce that the integrand tends to 0 in probability as ε → 0. Hence,
to obtain (5.32), we have to prove uniform integrability, namely it is enough to show that
E
[∣∣∣∣ ∫ T
t0
∑
k
qε,kt
∑
j
pε,jt ϕ
′
ε
(
pε,kt
)(
V kε
(
t, pεt
)− V jε (t, pεt ))dt∣∣∣∣3/2] ≤ C,
for a constant C independent of ε and of (t0, p0, q0). By (5.23) and by Hölder inequality with
exponents 8, 8 and 4/3, it suffices to prove that
E
[∑
k
sup
t0≤t≤T
|qε,kt |12
]1/8
E
[∣∣∣∣ ∫ T
t0
∑
k
ϕ′ε
(
pε,kt
)
dt
∣∣∣∣12]1/8 ≤ C.
The first term in the left-hand side is easily bounded by means of Lemma 5.6, recalling that
λ in the statement of Proposition 5.7 is required to satisfy λ ≥ λ¯(12). As for the second one,
it follows from (5.18).
To prove (5.33), we have to show that the expectation is bounded (since there is the
additional factor ε in front of it), but this easily follows from Holder’s inequality, with
1 = 1/3 + 1/6 + 1/2, together with (5.20), (5.21), (5.24) and (5.25). 
We now address the convergence of the master equation. To do so, we denote by Uθ,δ,ε the
solution to the viscous master equation (2.18) (as provided by Theorem 4.1), with ϕ = ϕθ,δ,ε
therein. We recall (see Proposition 5.2, (viii)) that there exist a unique optimal control α and
optimal trajectory p for the inviscid MFCP starting at points (t0, p0) ∈ [0, T ]×Int(Sd) where
the value function V is differentiable. For such points, let, as in Section 2 (see Theorem 2.6,
part II), U i(t0, p0) := infα J(α;p) with q being initialized at time t0 from (q
j
t0 = δi,j)j∈JdK.
Proposition 5.10. On top of the assumptions quoted in the beginning of the subsection,
assume that F is in C1,1(Sd). Then, we can find κ¯0 ≥ 0, only depending on κ2 and d,
such that, for any κ0 ≥ κ¯0 and any compact subset K included in Int(Sd), for the same two
functions θ̂(δ, ε) and δ̂(ε) as in the statement of Proposition 5.7 (which only depend on κ0,
κ2, K, ‖f‖∞, ‖g‖∞, T and d), and for any (t0, p0) ∈ [0, T ]×K at which V is differentiable,
lim
ε→0
DV
θ̂(δ̂(ε),ε),δ̂(ε),ε
(t0, p0) = DV(t0, p0), (5.34)
lim
ε→0Uθ̂(δ̂(ε),ε),δ̂(ε),ε(t0, p0) = U(t0, p0), (5.35)
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Moreover, these convergence hold in [Lrloc([0, T ]× Int(Sd))]d, for any r ≥ 1, where Int(Sd) is
equipped with the (d−1)-dimensional Lebesgue measure.
Proof. Step 1. As in the previous proof, we consider κ¯0 as in the statement of Proposition 5.7
(and implicitly the same value of λ as in its proof) and then, for κ0 ≥ κ¯0 and for a compact
subset K included in Int(Sd), we consider ε¯0, θ̂(δ, ε) and δ̂(ε), also as in the statement of
Proposition 5.7. We also use the same notations ϕε, Vε, p
ε as in the previous proof, and
similarly we write αε for the corresponding optimal control and Uε for the solution of the
(viscous) master equation. Here, the initial condition of pε is implicitly understood as a
point (t0, p0) ∈ [0, T ] × K at which V is differentiable. By Corollary 5.3 (writing (p,α) for
(p[t0,p0],α[t0,p0]) therein), the convergence of (p
ε,αε)ε∈(0,ε0] to (p,α) holds in probability (for
the same topology as in the statement of Theorem 5.1). In fact, by combining (5.7) and (5.8)
(with β = α therein), we have (indices below are in JdK)
lim
ε→0
E
∫ T
t0
∑
i6=j p
i
t|αε,i,jt |2dt =
∫ T
t0
∑
i6=j p
i
t|αi,jt |2dt,
from which we deduce that
lim
ε→0
E
∫ T
t0
∑
i6=j p
i
t|αε,i,jt − αi,jt |2dt = 0. (5.36)
As the limit process p does not touch the boundary of the simplex, the latter shows that αε
converges to α in probability but for the strong (instead of weak) topology on E . We make
use of this property later on in the proof.
In order to prove (5.35), it is worth recalling that U iε(t0, p0) is the value function of the
cost functional J˜ε,ϕε( · ;pε) when the state trajectory q in (2.5) is initialized from qkt0 = δi,k,
k ∈ JdK, and similarly U i(t0, p0) is the value function of the cost functional J( · ;p) when the
state trajectory in (2.2) is also initialized from qkt0 = δi,k, k ∈ JdK. Recalling (2.14), we have
(indices in the sum belonging to JdK)
J˜ε,ϕε
(
αε;pε
)
= E
[∫ T
t0
∑
k
qε,kt
(
Lk(αεt )+ f
k(pεt )+ϑ
ε,ϕε,k(t, pεt )
)
dt+
∑
k
qε,kT g
k(pεT )
]
, (5.37)
where ((qε,kt )k∈JdK)t0≤t≤T ) solves
dqε,kt =
∑
j 6=k
(
qε,jt
(
ϕε(p
ε,k
t ) + α
ε,j,k
t
)− qε,kt (ϕε(pε,jt ) + αε,k,jt ))dt
+
ε√
2
∑
j 6=k
qε,kt
pε,kt
√
pε,kt p
ε,j
t
(
dBk,jt − dBj,kt
)
,
with qε,kt0 = δi,k.
By (5.19), there exists η > 0 such that limε→0 P(inft0≤t≤T mink∈JdK p
ε,k
t ≤ η) = 0. This
suffices to kill asymptotically the terms ϕε in the drift right above on the model of the proof
of Theorem 5.1. As for the martingale part, we may invoke Lemma 5.6 with ℓ = 4 (recall that
κ¯0 is chosen in such a way that Lemma 5.6 applies with ℓ = 12) to show that its supremum
norm converges to 0 in probability. Altogether with (5.36), we easily deduce that
qε,kt = δk,i +
∫ t
t0
∑
j 6=k
(
qε,js α
j,k
s − qε,kt αk,js
)
ds+ rε,kt , t ∈ [t0, T ],
where supt0≤t≤T |rε,kt | tends to 0 in probability with ε, which prompts us to consider the
differential equation
q˙kt =
∑
j 6=k
(
qjtα
j,k
t − qitαk,jt
)
, qkt0 = δk,i.
Forming the differences ((qε,kt − qkt )k∈JdK)t0≤t≤T , we easily deduce that supt0≤t≤T |qεt − qt|
tends to 0 in probability. By Lemma 5.6 again, the convergence holds in L2 (recall that
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λ ≥ λ¯(12)). Using (2.14) and (5.36) together with the fact that all the off-diagonal controls
are bounded by M , we get
lim
ε→0E
[∫ T
t0
∑
k
qε,kt
(
Lk(αεt ) + f
k(pεt )
)
dt+
∑
k
qε,kT g
k(pεT )
]
=
∫ T
t0
∑
k
qkt
(
Lk(αt) + f
k(pt)
)
dt+
∑
k
qkTg
k(pT ) = J(α;p) = U
i(t0, p0),
which, together with (5.31) that holds for any initial condition, gives (5.35).
Step 2. To prove (5.34), we note that, by item (viii) in Proposition 5.2 again αi,jt =
(diV(t, pt)− djV(t, pt))+ for any t0 ≤ t ≤ T (recalling that V is differentiable at any (t, pt)),
and by item (ix) in Proposition 5.2, the backward equation in (5.11) (in the unknown z =
(zt)t0≤t≤T ) represents the gradient of V, so in particular at the initial time we have zit0 =
∂xiV̂(t0, x0) with x0 = (p10, · · · , pd−10 ). But zit0 is also equal to U i(t0, p0) − Ud(t0, p0), which
is exactly (5.12). Thus we have ∂xiV(t0, x0) = U i(t0, p0)− Ud(t0, p0). Importantly, we have
a similar identity when ε ∈ (0, ε0], which is provided by (2.20) proved in Theorem 4.1.
Therefore (5.34) now follows from (5.35).
Step 3. The last claim follows from uniform boundedness of DVε and Uε. The former is
given by (5.22), together with the fact that V is almost everywhere (for the (d−1)-dimensional
Lebesgue measure) differentiable, while the latter follows easily from the definition (5.37)
together with the bounds in Proposition 5.7. 
At this stage of the proof, the reader must understand that Propositions 5.9 and 5.10 do
not provide complete proofs of Proposition 2.5 and Theorem 2.6. The reason is that the
functions θ̂ and δ̂ therein depend on the underlying compact set K. In words, we should
write θ̂K and δ̂K. Now, we would like to choose K = Kε depending on ε such that, letting
Vε := Vθ̂Kε(δ̂Kε (ε),ε),δ̂Kε (ε),ε, U ε := Uθ̂Kε(δ̂Kε (ε),ε),δ̂Kε(ε),ε, Ξε := Ξθ̂Kε(δ̂Kε (ε),ε),δ̂Kε(ε),ε,
(5.38)
(5.28) and (5.31) hold locally uniformly on [0, T ] × Int(Sd), and (5.34) and (5.35) hold
almost everywhere. We mostly argue by an inversion argument very similar to the proof
of Proposition 5.5 (which is given below).
Theorem 5.11. Under the assumptions quoted in the beginning of the subsection, we can
find κ¯0 ≥ 0, only depending on κ2 and d, such that, for any κ0 ≥ κ¯0 and any e ∈ (0, ε0 =√
κ2/κ0], there exist a compact subset Ke included in Int(Sd), with Ke ⊃ Ke′ if e < e′ and
∪e∈(0,ε0]Ke = Int(Sd), together with functions θ̂Ke(δ, ε) and δ̂Ke(ε) as in the statement of
Proposition 5.7 such that, using the same notations as in (5.38) (and in particular letting
e = ε),
lim
ε→0Vε = V locally uniformly in [0, T ] × Int(Sd), (5.39)
lim
ε→0
Ξε = 0 locally uniformly in [0, T ] × Int(Sd)× Sd. (5.40)
If, in addition F is in C1,1(Sd), then
lim
ε→0
DVε = DV a.e. on [0, T ] × Int(Sd) and in [L1loc([0, T ] × Int(Sd)]d, (5.41)
lim
ε→0
U ε = U a.e. on [0, T ] × Int(Sd) and in [L1loc([0, T ] × Int(Sd)]d, (5.42)
where Int(Sd) is equipped with the (d− 1)-dimensional Lebesgue measure.
Proof. Throughout the proof, we consider κ¯0 as in the statement of Proposition 5.7 and then,
for κ0 ≥ κ¯0 and for a compact subset K included in Int(Sd), we consider θ̂K(δ, ε) and δ̂K(ε),
also as in the statement of Proposition 5.7. Without any loss of generality, the functions
θ̂K(δ, ε) and δ̂K(ε) may be assumed to be defined for all δ ∈ (0, 1/2] and ε ∈ (0, ε0 =
√
κ2/κ0];
in fact, only the limits in (0, 0) and 0 matter for our purpose. For any n ≥ 1, let Kn be the
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compact set {x ∈ Sd : dist(x, ∂Sd) ≥ 1/n}. Below, we restrict ourselves to the set N∂ of large
enough integers n such that Kn 6= ∅. Obviously, N∂ is of the form N∂ = {n∂ , n∂ + 1, · · · } for
some integer n∂ ≥ 1. For n ∈ N∂ , we let Vn,ε(t, p) := Vθ̂Kn(δ̂Kn (ε),ε),δ̂Kn(ε),ε(t, p) for t ∈ [0, T ]
and p ∈ Sd; similarly, we introduce Un,ε and Ξn,ε (the latter being defined on [0, T ]×Sd×Sd).
By Corollary 5.8, for any fixed n ∈ N∂ , limε→0 Vn,ε = V, uniformly on [0, T ] × Kn, and, by
Proposition 5.9, limε→0 Ξn,ε = 0, uniformly on [0, T ] × Kn × Sd. Further, by Proposition
5.10, limε→0DVn,ε(t, p) = DV(t, p) for a.e. (t, p) ∈ [0, T ] × Kn, and limε→0DVn,ε = DV
in [L1([0, T ] × Kn)]d, and similarly with Un,ε and U . Applying Egoroff’s theorem for any
n ∈ N∂ , there exists En ⊂ [0, T ]×Kn with (d-dimensional –since the simplex is equipped with
the (d−1) Lebesgue measure–) Lebesgue measure |En| ≤ 2−n such that limε→0DVn,ε = DV
and limε→0 Un,ε = U uniformly in [0, T ] × Kn \ En. Therefore, for any n ∈ N∂ , there exists
εn ∈ (0, ε0] such that, for any ε ≤ εn,
sup
(t,p)∈[0,T ]×Kn
∣∣(Vn,ε − V)(t, p)∣∣ + sup
(t,p,q)∈[0,T ]×Kn×Sd
∣∣Ξn,ε(t, p, q)∣∣
+ sup
(t,p)∈[0,T ]×Kn\En
(∣∣(DVn,ε −DV)(t, p)∣∣ + ∣∣(Un,ε − U)(t, p)∣∣)
+
∫ T
0
∫
Kn
(
|(DVn,ε −DV)(t, p)| + |(Un,ε − U)(t, p)|
)
d̺(p)dt ≤ 1
n
,
(5.43)
where ̺ is the image of the (d−1)-dimensional Lebesgue measure by the map (x1, · · · , xd−1) 7→
(x1, · · · , xd−1, x−d). Moreover, we can assume that εn+1 < εn ≤ 1/n, so that limn→∞ εn = 0.
We now define n, and thus Kn, in terms of ε: for any ε ∈ (0, εn∂ ), let nε be the unique
n ∈ N such that εn+1 < ε ≤ εn. Obviously, the function (0, n∂) ∋ ε 7→ nε is decreasing
and the supremum, say N := supε∈(0,n∂) nε cannot be finite as otherwise we would have
0 < εN+1 ≤ εnε+1 < ε for any ε ∈ (0, ε0], which is a contradiction. Hence, choosing n = nε
in the right-hand side of (5.43), letting with a slight abuse of notation Kε := Knε (the
definition of Kε, for ε ∈ [εn∂ , ε0], does not really matter) and then using the same notation
as in (5.38), we get, for any compact subset K included in Int(Sd),
sup
(t,p)∈[0,T ]×K
|Vε(t, p)− V(t, p)| ≤ sup
(t,p)∈[0,T ]×Kε
|Vnε,ε(t, p)− V(t, p)| ≤
1
nε
,
for ε small enough, which gives (5.39). Obviously, the proof of (5.40) is similar, and in fact
the same argument applies for proving the L1 convergence in (5.41) and (5.42). To prove the
a.e. convergence in (5.41) (and similarly in (5.42)), consider again a compact set K ⊂ Int(Sd)
and ε small enough such that K ⊂ Kε. From (5.43) again, we get that
|DVε(t, p)−DV(t, p)| ≤ 1
nε
if (t, p) ∈ [0, T ] × K \ Enε . Therefore, the set of points (t, p) ∈ [0, T ] × Int(Sd) such that
DVε(t, p) does not converge to DV(t, p), as ε→ 0, is included in the set of points (t, p) such
that (t, p) ∈ Enε for infinitely many nε. The latter is nothing but lim supn≥n∂ En, which
has Lebesgue measure 0 by Borel-Cantelli lemma, since
∑∞
n=1 |En| ≤
∑∞
n=1 2
−n <∞. Hence
limε→0DVε(t, p) = DV(t, p) for a.e. (t, p) ∈ [0, T ]× Int(Sd), from which the a.e. convergence
in (5.41) follows. The a.e. convergence in (5.42) is treated in the same way. 
5.4. Proofs of auxiliary exponential integrability properties.
Proof of Proposition 5.4. We prove (5.15) and (5.16) in a single row, mostly following [1,
Proposition 2.2]. Fix i ∈ JdK and, for simplicity, write pi for pi,θ,δ,ε and take t0 = 0. As in
the second step of the proof of [1, Proposition 2.1], we write the equation for pi in the form
dpit =
∑
j∈JdK
[
pjt
(
ϕθ,δ,ε(p
i
t) + α
j,i
t
)− pit(ϕθ,δ,ε(pjt) + αi,jt )]dt+ ε√pit(1− pit)dW˜ it , (5.44)
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for t ∈ [0, T ] and for W˜ i = (W˜ it )0≤t≤T a 1d-Brownian motion. Then, Itô’s formula yields
(the left-hand side below is well-defined since pi does not vanish)
d
[
λ
ε2
ln pit
]
=
∑
j∈JdK
[
λ
ε2
pjt
pit
(
ϕθ,δ,ε(p
i
t) + α
j,i
t
)
− λ
ε2
(
ϕθ,δ,ε(p
j
t ) + α
i,j
t
)]
dt− λ
2
1− pit
pit
dt
+
λ
ε
√
1− pit
pit
dW˜ it , t ∈ [0, T ].
(5.45)
We now subtract the quantity λ2(1 − pit)/(2ε2pit) to the drift of (5.45) and then get the
following lower bound (using the definition of ϕ in (5.1) together with the fact that 0 ≤
αi,j ≤M if j 6= i)∑
j∈JdK
[
λ2
ε2
pjt
pit
(
ϕθ,δ,ε(p
i
t) + α
j,i
t
)
− λ
ε2
(
ϕθ,δ,ε(p
j
t ) + α
i,j
t
)]
− λ
2
1− pit
pit
− λ
2
2ε2
1− pit
pit
≥ λ
ε2
1
pit
κ01[0,δ](p
i
t)−
λ
ε2
∑
j∈JdK
(
κε1[0,2θ](p
j
t ) + κ01[0,2δ](p
j
t ) +M
)
− λ
2ε2
(ε2 + λ)
1
pit
≥ λ
ε2
(
κ0 − ε
2 + λ
2
) 1
pit
1[0,δ](p
i
t)−
λ(1 + λ)
2δε2
− λd
ε2
(
κε + κ0 +M
)
.
(5.46)
Hence, integrating (5.45) from 0 to T , adding and subtracting the compensator ε−2λ2
∫ T
0 (1−
pit)/(2p
i
t)dt and then taking the exponential, we get
(piT )
λ/ε2 exp
(
−λ
ε
∫ T
0
√
1− pit
pit
dW˜ it −
λ2
2ε2
∫ T
0
1− pit
pit
dt
)
≥ (pi0)λ/ε
2
exp
(
λ
ε2
(
κ0 − ε
2 + λ
2
) ∫ T
0
1
pit
1[0,δ](p
i
t)dt
)
e−TC(δ,ε,λ).
Since the left-hand side has expectation less than 1, claim (5.15) follows. In order to get
(5.16), it suffices to replace λ by ε2λ, to observe that the indicator function 1[0,2θ] in (5.46)
has zero value if inf0≤t≤T pit > 2θ, and to integrate from 0 to the first time when pi becomes
lower than 2θ. 
Proof of Proposition 5.5. Throughout the proof, the initial condition (t0, p0) ∈ [0, T ] × K is
implicitly understood in the notation pθ,δ,ε. Also, we fix the state i ∈ JdK and the value of
λ ≥ 1 and we make explicit the dependence of the various constants upon the two parameters
δ and ε. However, we do not indicate the fact that the constants may depend on K. Below,
we use the same notation W˜ i as in (5.44).
Step 1. a. We first claim that, for any η > 0, there exists aη(δ, ε) ∈ (0, 1), such that, for
all (t0, p0) ∈ [0, T ] ×K and θ ∈ [0, δ/2],
P
(
inf
t0≤t≤T
pi,θ,δ,εt > aη(δ, ε)
)
≥ 1− η. (5.47)
The proof is a consequence of (5.45) and of (5.15) (with λ = ε2 and κ0 > ε
2). Indeed, the
former, together with Doob’s maximal inequality, yield
P
(
sup
t0≤t≤T
[− ln(pi,θ,δ,εt )] ≥ − ln(aη)) ≤ c| ln(aη)|E
∫ T
t0
(
1 +
1
pi,θ,δ,εt
)
dt.
for some c only depending on ε and δ, M , κ0 and κ2. Then, (5.15) gives a bound (depending
on δ and ε) for the above right-hand side.
b. Our second step is to prove that, provided that κ0 satisfies
κ0 − 1− λ
2
≥ 4κ2, (5.48)
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there exists θ1(δ, ε, λ) > 0 such that, for any θ ≤ θ1(δ, ε) and any (t0, p0) ∈ [0, T ] ×K,
E
[
exp
{
λ
∫ T
t0
−ϕ′θ(pi,θ,δ,εt )dt
}]
≤ 2, (5.49)
where we have let for convenience ϕ′θ(r) := −(2κε/θ)1[0,2θ](r).
Obviously,
∫ T
t0
ϕ′θ(p
i,θ,δ,ε
t )dt converges to 0 in probability as θ tends to 0, uniformly in
(t0, p0) ∈ [0, T ] × K (the other two parameters δ and ε being kept fixed), as the indicator
function appearing in the definition of ϕ′θ vanishes for θ small enough (it hence suffices to
choose 2θ ≤ aη(δ, ε) for aη(δ, ε) as in (5.47), for a given η > 0 as small as needed). In order
to prove (5.49), we then notice that
− ϕ′θ(pi,θ,δ,εt ) = 2
κε
θ
1[0,2θ](p
i,θ,δ,ε
t ) ≤ 2
κε
θ
2θ
pi,θ,δ,εt
1[0,2θ](p
i,θ,δ,ε
t ) ≤
4κε
pi,θ,δ,εt
1[0,δ](p
i,θ,δ,ε
t ). (5.50)
Recall now that κε = ε
−2κ2. Hence, if we choose another real λ′ that satisfies κ0 ≥ 4κ2 +
(1 + λ′)/2 (take for instance that λ′ = λ+ 1 and recall κ0 ≥ 4κ2 + 1+ λ/2), then (5.50) and
(5.15) yield
E
[
exp
{
−λ′
∫ T
t0
ϕ′θ(p
i,θ,δ,ε
t )dt
}]
≤ E
[
exp
{
4κ2λ
′
ε2
∫ T
t0
1
pi,θ,δ,εt
1[0,δ](p
i,θ,δ,ε
t )dt
}]
≤ C1(δ, ε, λ′),
where C1(δ, ε, λ
′) is a constant independent of θ and depending on (t0, p0) through K only11.
Combining the above upper bound with the fact that
∫ T
t0
ϕ′θ(p
i,θ,δ,ε
t )dt tends to 0 in probability
(uniformly in (t0, p0) ∈ [0, T ] ×K), we easily derive (5.49).
Step 2. The goal of this step is to address a similar result to (5.49) but with ϕ′θ replaced
by ϕ′δ , defined as ϕ
′
δ(r) := −(2κ0/δ)1[0,2δ](r).
a. The first step is to notice that
−ϕ′δ(pi,θ,δ,εt ) ≤ 2
κ0
δ
2δ
pi,θ,δ,εt
1[0,2δ](p
i,θ,δ,ε
t ) ≤
4κ0
pi,θ,δ,εt
1[0,δ](p
i,θ,δ,ε
t ) +
4κ0
pi,θ,δ,εt
1[δ,2δ](p
i,θ,δ,ε
t ). (5.51)
b. We address the first term in the right-hand side of (5.51). To do so, we need a finer
lower bound on the coordinates of pθ,δ,ε and hence we must revisit the proof of Proposition
5.4. As in the first step, we fix some η > 0 and, for aη := aη(δ, ε) as therein, we consider the
event A1,iη := {inft0≤t≤T pi,θ,δ,εt > aη}. Obviously, (5.47) says that P(A1,iη ) ≥ 1− η.
Next, we define the event
A2,i =
{
∀t ∈ [t0, T ], ε
∫ t
t0
√√√√1− pi,θ,δ,εs
pi,θ,δ,εs
dW˜ is ≥ −1−
ε
2
∫ t
t0
1− pi,θ,δ,εs
pi,θ,δ,εs
ds
}
.
We observe that the complementary reads
(A2,i)∁ =
{
∃t ∈ [t0, T ] : exp
(
−
∫ t
t0
√√√√1− pi,θ,δ,εs
pi,θ,δ,εs
dW˜ is −
1
2
∫ t
t0
1− pi,θ,δ,εs
pi,θ,δ,εs
ds
)
> exp
(
ε−1
)}
,
from which we get by Doob’s inequality that P(A2,i) ≥ 1− exp(−ε−1).
We now work on (∩j∈JdKA1,jη ) ∩ A2,i for 2θ ≤ aη. By combining (5.45) and (5.46), we get
(choosing λ = ε2 therein and noticing that, since we work on ∩j∈JdKA1,jη , we can remove the
second indicator function in the second line of (5.46)):
ln
(
pi,θ,δ,εt
) ≥ ln(pi,θ,δ,ε0 )− 1
+
∫ t
t0
(
κ0 − ε
) 1
pi,θ,δ,εs
1[0,δ]
(
pi,θ,δ,εs
)
ds−
(ε
δ
+ d
(
κ0 +M
))
T.
11We do not keep track of the parameters κ0, κ2, K, M , T and d in the constants.
46 ALEKOS CECCHIN AND FRANÇOIS DELARUE
Hence, for κ0 ≥ ε, we can find a constant C2 ≥ 0 (only depending on κ0, M , T and d) such
that, on (∩j∈JdKA1,jη ) ∩ A2,i, for 2θ ≤ aη ≤ ε ≤ δ, i ∈ JdK and t ∈ [0, T ], we have pi,θ,δ,εt ≥
exp(−C2). (Observe indeed that, in (5.47), we can always assume that aη(δ, ε) ≤ min(ε, δ).)
c. Return back to the first term in the right-hand side of (5.51). By (5.16) (applied with
λ replaced by 8λ′ for λ′ > λ), if κ0 ≥ ε2(1 + 8λ′), which is for instance true if κ0 ≥ 2 and
8λ′ε2 ≤ 1 (in turn the latter is true if 8(λ + 1)ε2 ≤ 1 and λ′ − λ = 1), then
E
[
exp
{
4λ′κ0
∫ T
t0
1
pi,θ,δ,εt
1[0,δ](p
i,θ,δ,ε
t )dt
}
1{inft0≤t≤T p
i,θ,δ,ε
t >2θ}
]
≤ C3(δ, λ′), (5.52)
where C3(δ, λ
′) is non-increasing with δ. Under the same condition κ0 ≥ 2 and 16λ′ε2 ≤ 1,
(5.15) (applied with λ replaced by 8ε2λ′) yields
E
[
exp
{
4λ′κ0
∫ T
t0
1
pi,θ,δ,εt
1[0,δ](p
i,θ,δ,ε
t )dt
}
1{inft0≤t≤T p
i,θ,δ,ε
t ≤2θ}
]
≤ C4(δ, ε, λ′)P
(
(A1,iη )
∁
)1/2
.
at least whenever 2θ ≤ aη. Choosing η such that C4(δ, ε, λ′)η1/2 ≤ C3(δ, λ′) and allowing for
a new value of C3(δ, λ
′), we may remove the second indicator function in (5.52). Then, we can
easily change the first indicator function in (5.52) into 1[0,2δ] by noticing that r
−1
1[0,2δ](r) ≤
r−11[0,δ](r)+ δ−1. For a new value of C3(δ, λ′) (as long as it remains non-increasing with δ),
we then have
E
[
exp
{
4λ′κ0
∫ T
t0
1
pi,θ,δ,εt
1[0,2δ](p
i,θ,δ,ε
t )dt
}]
≤ C3(δ, λ′). (5.53)
Recall C2 from step 2b and deduce by Hölder’s inequality that, for 2θ ≤ aη ≤ ε ≤ δ and
3δ ≤ exp(−C2),
E
[
exp
{
−λ
∫ T
t0
ϕ′δ(p
i,θ,δ,ε
t )dt
}]
≤ E
[
exp
{
4λκ0
∫ T
t0
1
pi,θ,δ,εt
1[0,2δ](p
i,θ,δ,ε
t )dt
}]
= 1 + E
[
exp
{
4λκ0
∫ T
t0
1
pi,θ,δ,εt
1[0,2δ](p
i,θ,δ,ε
t )dt
}
1
((∩j∈JdKA1,jη )∩A2,i)∁
]
≤ 1 + C3(δ, λ′)λ/λ′
(
ηd+ exp(−ε−1))1−λ/λ′ .
For 3δ ≤ exp(−C2), we may choose ε ≤ ε̂(δ) ∧ δ with C3(δ, λ′)λ/λ′ [2 exp(−ε̂−1(δ))]1−λ/λ′ = 1
and then ηd ≤ exp(−ε−1), with aη ≤ ε, and θ ≤ min(aη/2, θ1(δ, ε, λ)) (with θ1(δ, ε, λ) as
in Step 1b). We get that the above right-hand side is less than 2, which is the analogue of
(5.49).
d. By collecting (5.2), (5.49) and the above conclusion with λ′ = λ + 1 and by applying
Cauchy-Schwarz inequality, we obtain
E
[
exp
{
−λ
2
∫ T
t0
ϕ′θ,δ,ε(p
i,θ,δ,ε
t )dt
}]
≤ 2, (5.54)
for the following choices: δ ≤ δ¯0 := exp(−C2)/3, κ0 ≥ κ¯0 := max(2, 4κ2 + 1 + λ/2), ε ≤
min(1/
√
16λ+ 16, δ,
√
κ2/κ0, ε̂(δ)) and θ ≤ min(θ1(δ, ε, λ), aη), for ηd ≤ exp(−ε−1) such
that aη ≤ ε. We recall that the condition ε2 ≤
√
κ2/κ0 is required to ensure that ϕθ,δ,ε is
non-increasing. This is one part of the inequality in the definition of the term Ψ showing
up in (5.17). In fact, the term with ϕθ,δ(p
i,θ,δ,ε
t ) in Ψ is bounded in the same way since
ϕθ,δ,ε ≤ −(ϕ′θ + ϕ′δ) for 2θ ≤ δ ≤ 1, yielding (for the same range of parameters)
E
[
exp
{
λ
2
∫ T
t0
ϕθ,δ,ε(p
i,θ,δ,ε
t )dt
}]
≤ 2. (5.55)
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Step 3. We now handle the term with 1/pi,θ,δ,εt in (5.17).
a. On the one hand, recalling that κ0 ≥ 2, using (5.53) and arguing as above, we obtain
E
[
exp
{
λ
∫ T
t0
1
pi,θ,δ,εt
1[0,δ](p
i,θ,δ,ε
t )dt
}]
≤ 2,
again for κ0, κ1, θ, δ, ε as in item d of the second step.
b. On the other hand, by following the second step, for 2θ ≤ aη ≤ ε ≤ δ, we get
E
[
exp
{
λ
∫ T
t0
1
pi,θ,δ,εt
1[δ,1](p
i,θ,δ,ε
t )dt
}]
≤ exp(λTeC2)+ E[exp{λ ∫ T
t0
1
pi,θ,δ,εt
1[δ,1](p
i,θ,δ,ε
t )dt
}
1
((∩j∈JdKA1,jη )∩A2,i)∁
]
≤ exp(λTeC2)+ exp(λT
δ
)(
ηd+ exp(−ε−1)).
Following item 2c, we can render the last term in the right-hand side less than 1.
c. We then combine items 3a and 3b by Cauchy-Schwarz inequality. And, then by Hölder
inequality, we gather all the three cases addressed in item 2d and in this third step to get
(5.17), provided we replace λ therein by λ/6 and then fix the various parameters as in item
2d with the additional constraint that 2 exp(λT/δ) exp(−ε−1) ≤ 1 (which is equivalent to
ε ≤ (ln(2) + λT/δ)−1.
Step 4. We now want to prove (5.18) and (5.19). Throughout the step, we fix the value
of λ.
a. We recall that, for 0 < δ ≤ δ¯0, ε̂(δ) is defined as
ε̂(δ) = min
(
1
4
√
λ
,
√
κ2
κ0
, δ,
(
ln
(
2[C3(δ, λ + 1)]
λ))−1, (ln(2) + λT/δ)−1),
where C3(δ, λ + 1) is a non-increasing function of δ. (We omit to specify the dependence of
ε̂(δ) upon λ and K.) Clearly, ε̂ is non-decreasing on (0, δ¯0], takes positive values and has 0
as limit in 0. We then define
ε¯(δ) :=
∫ δ
0
ε̂(δ′)dδ′.
It is straightforward to verify that, for δ ∈ (0, δ¯0], 0 < ε¯(δ) ≤ δε̂(δ) < ε̂(δ) (assume without
any loss of generality that δ¯0 ≤ 1). Moreover, ε¯ extends by continuity to [0, δ¯0], letting
ε¯(0) = 0, and the extension, still denoted by ε¯, is continuous and strictly increasing.
b. We now define δ̂ : [0, ε¯0] ∋ ε 7→ δ̂(ε) ∈ [0, δ¯0] as the converse of the mapping ε¯ :
[0, δ¯0] ∋ δ 7→ ε¯(δ) ∈ [0, ε¯0], where ε¯0 = ε¯(δ¯0). Conclusion (5.18) hence follows from (5.17),
noticing that, for any ε ∈ [0, ε¯0], ε = ε¯(δ̂(ε)) < ε̂(δ̂(ε)), from which we indeed deduce that
Ψ(λ, θ, δ̂(ε), ε,K) ≤ C¯, for θ ≤ θ̂(δ̂(ε), ε). As for (5.19), it follows from Step 2b, recalling
that, under our choice for η, the probability of (∩j∈JdKA1,jη )∩A2,i is less than 2 exp(−ε−1). 
Proof of Lemma 5.6. We first prove (5.20). For simplicity, we write p for p
θ,δ̂(ε),ε
[t0,p0]
and ϕ for
ϕθ,δ,ε. Using the same notation as in (5.44) and applying Itô’s formula, we expand
d
1
(pit)
ℓ
=
{
−ℓ 1
(pit)
ℓ+1
∑
j∈JdK
(
pjt(ϕ(p
i
t) + α
j,i
t )− pit(ϕ(pjt ) + αi,jt )
)
+ ℓ(ℓ+ 1)
ε2
2
1− pit
(pit)
ℓ+1
}
dt
− ℓε
√
pit(1− pit)
(pit)
ℓ+1
dW˜ it .
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Letting
Et = exp
{∫ t
t0
(
ℓ
∑
j∈JdK ϕ(p
j
s) + ℓ(ℓ+ 1)
ε2
2
( 1
pis
− 1))ds}, t ∈ [t0, T ],
we have
d
(
E−1t
(pit)
ℓ
)
= −ℓ E
−1
t
(pit)
ℓ+1
∑
j 6=i p
j
t(ϕ(p
i
t) + α
j,i
t )dt + ℓ
∑
j 6=i
E−1t
(pit)
ℓ
αi,jt dt + dmt
≤ (d− 1)ℓM E
−1
t
(pit)
ℓ
dt+ dmt,
where mt is a local martingale. By a standard localization, we deduce that there exists an
increasing sequence of (localizing) stopping times (σn)n≥1 converging to T such that
∀t ∈ [t0, T ], E
[ E−1t∧σn
(pit∧σn)
ℓ
]
≤ C + ℓM
∫ t
t0
E
[
E−1s∧σn
(pis∧σn)ℓ
]
ds,
for a constant C that is allowed to vary from line to line as long as it only depends on the
parameters quoted in the statement of the lemma (in particular, it is independent of n).
Thus Gronwall’s lemma and then Fatou’s lemma (letting n tend to ∞) give
sup
t0≤t≤T
E
[
E−1t
(pit)
ℓ
]
≤ C.
Applying Cauchy-Schwarz inequality and then the above inequality, with ℓ replaced by 2ℓ,
we obtain
sup
t0≤t≤T
E
[
1
(pit)
ℓ
]
≤ C
(
E
[
exp
{∫ T
t0
(
2ℓ
∑
j∈JdK ϕ(p
j
s) + ℓ(2ℓ+ 1)
1
pis
)
ds
}])1/2
,
which is bounded by a constant thanks to (5.17), choosing λ in terms of ℓ and d.
The proof of (5.21) follows from the same argument and then from Doob’s maximal in-
equality (to pass the supremum inside the expectation), see for instance [1, Proof of Propo-
sition 2.3]. 
6. Uniqueness for the master equation
Here, our aim is to show Theorem 2.7, namely that V, the value function of the potential
game, is the unique viscosity solution of the HJ equation (2.21) and that its derivative
V = DV is the unique solution, in a suitable class which we will determine, of the conservative
form (2.31) of the master equation of the MFG. In this regard, it is worth emphasizing
that we work below with the local coordinates (x1, . . . , xd−1, x−d) = (p1, . . . , pd) for p ∈ Sd
(and thus x ∈ Ŝd). We recall that, for any x ∈ Ŝd, we have V̂(t, x) = V(t, xˇ), where
xˇ = (x1, . . . , xd−1, x−d), and we denote x−d = 1 −
∑
j∈Jd−1K xj. Following (3.5), (2.21) may
be indeed rewritten {
∂tV̂ + Ĥ
(
x,DxV̂
)
+ F̂ (x) = 0, (6.1a)
V̂(T, x) = Ĝ(x), (6.1b)
for t ∈ [0, T ] and x ∈ Int(Ŝd), and with Ĥ as in (5.10). Its derivative Z = DxV̂ should satisfy
(2.31), at least when the latter is formulated in local coordinates, namely{
∂tZ
i + ∂xi
[Ĥ(x,Z) + F̂ (x)] = 0,
Zi(T, x) = ∂xiĜ(x),
(6.2)
the latter reading as a multidimensional hyperbolic system of PDEs. Let us point out a
common difficulty in the study of the above two equations: Both are set in a bounded
domain, but there are no boundary conditions in space, which is due to the fact that the
dynamics of the forward characteristics of the MFG system do not see the boundary of the
simplex when starting from its interior.
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Concerning the HJ equation (6.1a), there are no C1 solutions in general, which prompts
us to consider viscosity solutions. Below, we first handle the HJ equation of the MFCP and
then turn to the well-posedness of the conservative form of the master equation. The idea
for proving uniqueness of the latter is to construct a correspondence between weak solutions
in a suitable class and viscosity solutions of the HJ equation.
6.1. HJ equation for the MFCP. In this subsection, we assume that F anf G are just
Lipschitz-continuous. As we have just said, the HJ equation (6.1a) is set in a bounded
domain but without any boundary conditions in space. We hence define viscosity solutions
in the interior of the simplex only:
Definition 6.1. A function v ∈ C([0, T ) × Int(Ŝd)) (hence defined in local coordinates) is
said to be:
(i) a viscosity subsolution of (6.1a) on [0, T )×Int(Ŝd) if, for any ψ ∈ C1([0, T )×Int(Ŝd)),
− ∂tψ(t¯, x¯)− Ĥ
(
x¯,Dxψ(t¯, x¯)
)− F̂ (x¯) ≤ 0, (6.3)
at every (t¯, x¯) ∈ [0, T )×Int(Ŝd) which is a local maximum of v−ψ on [0, T )×Int(Ŝd);
(ii) a viscosity supersolution of (6.1a) on [0, T ) × Int(Ŝd) if, for any ψ ∈ C1([0, T ) ×
Int(Ŝd)),
− ∂tψ(t¯, x¯)− Ĥ
(
x¯,Dxψ(t¯, x¯)
)− F̂ (x¯) ≥ 0, (6.4)
at every (t¯, x¯) ∈ [0, T )×Int(Ŝd) which is a local minimum of v−ψ on [0, T )×Int(Ŝd);
(iii) a viscosity solution of (6.1a) on [0, T ) × Int(Ŝd) if it is both a viscosity subsolution
and a viscosity supersolution of (6.1a) in Int(Ŝd).
In order to prove uniqueness of viscosity solutions, in absence of boundary conditions in
space, we must use the fact that the forward characteristics, given by an equation of the
type (2.2) with α bounded therein, do not leave the interior of the simplex. The result is
the following:
Theorem 6.2 (Comparison Principle). Let u, v be Lipschitz continuous in [0, T ] × Ŝd, u be
a viscosity subsolution and v be a viscosity supersolution, respectively, of (6.1a) in Int(Ŝd).
If u(T, x) ≤ v(T, x) for any x ∈ Ŝd, then u(t, x) ≤ v(t, x) for any t ∈ [0, T ] and x ∈ Ŝd.
Before giving the proof, we state an immediate consequence.
Corollary 6.3. There exists a unique viscosity solution of (6.1a) in Int(Ŝd) that is Lipschitz
continuous in [0, T ]× Ŝd and satisfies the terminal condition (6.1b). It is the value function
V of the MFCP.
Proof. Uniqueness holds in Ŝd by the above theorem. The fact that the value function is a
viscosity solution in Int(Ŝd) is given by Theorem 7.4.14 of [6] (as we already accounted in
the statement of Proposition 5.2). 
Proof of Theorem 6.2. We borrow ideas from the proofs of Theorem 3.8 and Proposition
7.3 in [47]. The idea is to define a supersolution vh that dominates u at points near the
boundary, for any h, and then use the comparison principle and pass to the limit in h. The
parameter h is needed to force vh to be infinity at the boundary of the simplex. Since the
simplex has corners, the distance to the boundary is not a smooth function, so the first step
is to construct a nice test function that goes to 0 as x approaches the boundary. Roughly
speaking, we consider the product of the distances to the faces of the simplex, and then take
its logarithm.
Step 1. Let ρi(x), for x ∈ Int(Ŝd), be the distance from x to the hyperplane {y ∈ Rd−1 :
yi = 0}, for i ∈ Jd− 1K, and ρd(x) be the distance to {y ∈ Rd−1 :
∑d−1
l=1 yl = 1}. Specifically,
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for x ∈ Int(Ŝd), we have
ρi(x) =
{
xi i ∈ Jd− 1K,
x−d/
√
d− 1 i = d,
where we recall that x−d = 1−∑l∈Jd−1K xl. Clearly ρi ∈ C∞(Int(Ŝd)).
Since u and v are Lipschitz-continuous, we may let R := max{‖Dxu‖∞, ‖Dxv‖∞}, which
is licit since the gradients are defined almost everywhere. Hence it is easy to show12 that u
and v are viscosity subsolution and supersolution, respectively, in Int(Ŝd), of the modified
HJB equation
∂tV̂ + Ĥ2R
(
x,DxV̂
)
+ F̂ (x) = 0, (6.5)
with Ĥ2R(x, z) =∑k∈Jd−1K xkĤk2R(z)+x−dĤd2R(z), where Ĥ i2R, for i ∈ JdK, is given by (3.6),
with M replaced by 2R therein and also in the definition (2.16) of a⋆, which we denote here
by a⋆2R (see also (3.2) for the way the latter shows up in the Hamiltonian). This modified
Hamiltonian has the property that Ĥ2R(x, z) = Ĥ(x, z) for any z ∈ Rd−1 such that |z| ≤ R,
and is further globally Lipschitz continuous in (x, z) and concave in z ∈ Rd−1, even if not
strictly. Now, we show that there exists a constant CR, depending on R, such that〈
DzĤ2R(x, z),Dρi(x)
〉 ≥ −CRρi(x), (6.6)
for any i ∈ JdK, x ∈ Int(Ŝd) and z ∈ Rd−1. Indeed, we have
∂xjρi(x) =
{
δi,j i ∈ Jd− 1K,
−1/√d− 1 i = d.
Similar to (3.4), we also have, for j ∈ Jd− 1K,
∂zjĤ2R(x, z) =
∑
k∈Jd−1K
(
xka
⋆
2R(zk − zj)− xja⋆2R(zj − zk)
)
+ x−da⋆2R(−zj)− xja⋆2R(zj).
Hence, for i ∈ Jd− 1K,
〈DzĤ2R(x, z),Dρi(x)〉 = ∂ziĤ2R(x, z) ≥ −2R(d− 1)xi = −2R(d− 1)ρi(x),
while (noticing that the contribution of the first sum in the expansion of DzĤ2R is null in
the computation below)
〈DzĤ2R(x, z),Dρd(x)〉 = 1√
d− 1
∑
j∈Jd−1K
(
xja
⋆
2R(zj)− x−da⋆2R(−zj)
)
≥ −2R d− 1√
d− 1x
−d = −2R(d− 1)ρd(x),
and thus (6.6) holds with CR = 2R(d− 1).
Step 2. For any h > 0, let
vh(t, x) := v(t, x)− h2
∑
i∈JdK
ln
(
ρi(x)
)
+ h(T − t), (t, x) ∈ [0, T ] × Int(Ŝd).
We claim that vh is a viscosity supersolution of (6.5) on [0, T ) × Int(Ŝd). Let then ψ ∈
C1([0, T ) × Int(Ŝd)), and (t¯, x¯) ∈ [0, T ) × Int(Ŝd) be a local minimum of vh − ψ on [0, T ) ×
Int(Ŝd). Since v is a viscosity supersolution of (6.5) in [0, T ) × Int(Ŝd), considering the test
function ψh ∈ C1([0, T )× Int(Ŝd)) given by ψh(t, x) = ψ(t, x)+h2
∑
i∈JdK ln(ρi(x))−h(T − t),
we get
−∂tψh(t¯, x¯)− Ĥ2R
(
x¯,Dxψh(t¯, x¯)
)− F̂ (x¯) ≥ 0.
12In short, the argument is as follows: If ψ is a continuously differentiable function such that u− ψ has a
minimum at some point (t¯, x¯) ∈ [0, T )× Int(Ŝd), then necessarily ‖Dxψ(t¯, x¯)‖∞ ≤ R and similarly when (t¯, x¯)
is a maximum of v − ψ.
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Using the concavity of Ĥ2R in the second argument, see (3.2), and (6.6), we obtain
0 ≤ −∂tψ(t¯, x¯)− h− Ĥ2R
(
x¯,Dxψ(t¯, x¯) + h
2
∑
i∈JdK
Dρi(x¯)
ρi(x¯)
)
− F̂ (x¯)
≤ −∂tψ(t¯, x¯)− h− Ĥ2R
(
x¯,Dxψ(t¯, x¯)
)− F̂ (x¯)
−
〈
DzĤ2R
(
x¯,Dxψ(t¯, x¯) + h
2
∑
i∈JdK
Dρi(x¯)
ρi(x¯)
)
, h2
∑
i∈JdK
Dρi(x¯)
ρi(x¯)
〉
≤ −∂tψ(t¯, x¯)− h− Ĥ2R
(
x¯,Dxψ(t¯, x¯)
)− F̂ (x¯) + h2dCR,
giving
−∂tψ(t¯, x¯)− Ĥ2R
(
x¯,Dxψ(t¯, x¯)
)− F̂ (x¯) ≥ h− h2dCR ≥ 0 if h ≤ 1
dCR
,
which implies that vh is a viscosity supersolution of (6.5) on [0, T ) × Int(Ŝd).
Step 3. As ρi ≤ 1, we have vh(t, x) ≥ v(t, x) for any (t, x) ∈ [0, T ]× Int(Ŝd). In particular,
vh(T, x) ≥ v(T, x) ≥ u(T, x) for any (t, x) ∈ [0, T ] × Int(Ŝd). We denote ρ(x) =
∏d
i=1 ρi(x).
Since u and v are bounded, we find that for any h > 0 there exists η > 0 (which may depend
on h) such that −h2 ln ρ(x) ≥ ‖u‖∞ + ‖v‖∞ if ρ(x) ≤ η. We denote by Γη = {x ∈ Ŝd :
ρ(x) = η}, Oη = {x ∈ Ŝd : ρ(x) ≥ η}, and Oηc = {x ∈ Ŝd : ρ(x) ≤ η}; note that Oη is a
smooth domain. Thus vh(t, x) ≥ u(t, x) for any t ∈ [0, T ] and x ∈ Oηc , in particular for any
x ∈ Γη. Therefore we can apply the comparison principle (Theorem 9.1 page 90 in [27]) in
[0, T ]×Oη, because u, vh ∈ C([0, T ]×Oη): we obtain u ≤ vh on [0, T ]×Oη and hence u ≤ vh
on the entire [0, T ]× Ŝd, since we already have u ≤ vh on [0, T ]×Oηc . Finally, the conclusion
follows by sending h to 0, as limh→0 vh(t, x) = v(t, x) for any (t, x) ∈ [0, T ] × Int(Ŝd). 
6.2. Uniqueness of the MFG master equation. We now turn to the analysis of (6.2).
Clearly, it has to be understood in the sense of distributions. We assume in this subsection
that F and G are in C1,1(Sd). The multidimensional hyperbolic system (6.2) is known to
be ill-posed in general; nevertheless, in this specific potential case, it is possible to prove
uniqueness of solutions in a suitable class, thanks to a result of Kruzkov [38]. We remark
that the system is hyperbolic in the wide sense, but not strictly hyperbolic. We denote
QT = (0, T ) × Int(Ŝd), QT = [0, T ] × Ŝd, f(x, z) = Ĥ(x, z) + F̂ (x) and g(x) = DxĜ(x).
The set of weak solutions in which we prove uniqueness is the following:
Definition 6.4. A function Z ∈ [C([0, T ]; (L∞(Ŝd), ∗))]d−1 (where ∗ denotes the weak star
topology σ∗(L∞(Ŝd), L1(Ŝd))) is said to be an admissible solution to the Cauchy problem
(6.2) if the following three properties hold true:
(1) For any ϕ = (ϕ1, . . . , ϕd−1) ∈ C1C(QT ;Rd−1),∫
QT
[
Zi∂tϕ
i + f(x,Z)∂xiϕ
i
]
dxdt = 0; (6.7)
(2) At time t = T , Z(T, ·) = g a.e.; in particular, by time continuity of Z with respect to
the weak star topology,
Z(t, ·) ∗⇀ g as t→ T ; (6.8)
(3) There exists a universal constant c such that, for any ψ ∈ C1C(Int(Ŝd);R+) (where
the index C means that ψ is compactly supported) and any nonnegative matrix A =
(Ai,j)i,j∈Jd−1K with Trace(A) ≤ 1,∫
Int(Ŝd)
[〈Dxψ,AZ〉+ cψ] dx ≥ 0. (6.9)
By Banach-Steinhaus theorem, note that Z ∈ [C([0, T ]; (L∞(Ŝd), σ∗(L∞(Ŝd), L1(Ŝd))))]d−1
implies Z ∈ L∞(QT ;Rd−1).
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Before we say more about the solvability of (6.2), we feel useful to elucidate the connection
between (6.2) and the original form (2.27) of the master equation. For sure, the main
difference between the two is that the former is in conservative form while the latter is
not, but also the reader must pay attention to the fact that (6.2) is in local coordinates
(x1, · · · , xd−1) while (2.27) is written in intrinsic coordinates (p1, · · · , pd). Obviously, (2.27)
can be easily written in local coordinates, which makes it easier to compare with (6.2).
Similar to (3.9), but with ϕ = ε = 0, the version in local coordinates writes (indices in the
sums belonging to Jd− 1K):
∂tÛ
i +H
(
(Û i − Û j)j∈JdK
)
+
∑
j,k
(
xk(Û
k − Û j)+ − xj(Û j − Ûk)+
)
∂xj Û
i
+
∑
j
(
x−d(Ûd − Û j)+ − xj(Û j − Ûd)+
)
∂xj Û
i + f̂ i(x) = 0,
Û i(T, x) = ĝi(x),
(6.10)
for (t, x) ∈ [0, T ] × Int(Ŝd) and i ∈ JdK. As we explained in Subsections 2.4 and 3.2, the key
step to pass from one formulation to another is Schwarz identity. The following statement
clarifies this fact.
Proposition 6.5. We have
(1) if U ∈ [C1([0, T ] × Sd)]d is a classical solution of the master equation (2.27) and
Û denotes its version in local coordinates, then Z defined by Zi = Û i − Ûd, for
i ∈ Jd− 1K, is a weak admissible solution to (6.2); it satisfies ∂xjZi = ∂xiZj for any
i, j ∈ Jd− 1K2;
(2) if Z is a weak solution to (6.2), in the sense that it satisfies (6.7), and Z is in
[C1([0, T ]× Ŝd)]d−1, then the master equation (2.27) has a (unique) classical solution
U ∈ [C1([0, T ]× Sd)]d; denoting Û its version in local coordinates, the latter satisfies
Zi = Û i − Ûd, for i ∈ JdK.
The proof of Proposition 6.5 is postponed to the end of the section, as we feel better to
focus now on the following statement, which is the refined version of Theorem 2.7. Indeed,
the next theorem establishes uniqueness of admissible solutions to (6.2), by determining
a correspondence with viscosity solutions to (6.1a–6.1b). The proof is to establish first a
connection between admissible solutions to (6.2) and semiconcave solutions to (6.1a–6.1b)
and then to show that viscosity and semiconcave solutions to (6.1a–6.1b) are equivalent. We
recall that, in our case, a function v ∈ C([0, T ]× Ŝd) is called semiconcave (in space) if there
exists a constant c such that, for any t ∈ [0, T ], x ∈ Int(Ŝd) and ξ with x± ξ ∈ Int(Ŝd),
v(t, x+ ξ)− 2v(t, x) + v(t, x− ξ)
|ξ|2 ≤ c. (6.11)
We stress that only semiconcavity in space is needed in the analysis below (for simplicity,
we just call it semiconcavity), although the value function V is shown to be semiconcave in
time and space in Proposition 5.2 (v), see (5.13). In this framework, condition (6.9) can be
referred to as a weak semiconcavity condition, since it reads as the derivative of the above
condition. Indeed, assuming for a moment that v is C2, (6.11) can be equivalently formulated
by saying that
∑
i,j∈Jd−1K Ai,j∂2xi,xjv ≤ c for any non-negative matrix A with Trace(A) ≤ 1
(write for instance A as the square of a symmetric matrix). Hence, denoting z = Dxv and
integrating by parts, we obtain (6.9). We say that v is a semiconcave solution if (6.11) holds,
v is Lipschitz-continuous in [0, T ] × Ŝd, Equation (6.1a) holds almost everywhere and the
terminal condition (6.1b) is satisfied (everywhere).
The proof of the following theorem is mostly due to Kruzkov [38], see Theorem 8 therein;
for the sake of completeness, we write its adaptation to our framework (as the state variable
here belongs to the simplex).
Theorem 6.6. There exists a unique admissible solution to (6.2). It is given by DxV̂, where
V is the value function of the inviscid MFCP and V̂ is its version in local chart.
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Proof. As we have just explained, we first establish a connection between admissible solutions
to (6.2) and semiconcave solutions to (6.1a–6.1b) and, then, we show equivalence between
semiconcave and viscosity solutions to (6.1a–6.1b).
Step 1. Let Z ∈ [C([0, T ]; (L∞(Ŝd), ∗))]d−1 be an admissible solution to (6.2). Let w ∈
C2C(Int(Ŝd)) and ζ ∈ C∞C ((0, T )), and for fixed i 6= j choose as test functions ϕi(t, x) =
ζ(t)∂xjw(x), ϕ
j(t, x) = ζ(t)∂xiw(x). Then (6.7) provides∫ T
0
∂tζ(t)
∫
Ŝd
[
Zi(t, x)∂xjw(x)− Zj(t, x)∂xiw(x)
]
dxdt = 0,
which, by the fundamental lemma of the calculus of variations, implies that the quantity∫
Ŝd [Z
i(t, x)∂xjw(x) − Zj(t, x)∂xiw(x)]dx is a constant for almost every t ∈ [0, T ]. Hence
(6.8) and the fact that the final condition is a gradient yield∫
Ŝd
[
Zi(t, x)∂xjw(x) − Zj(t, x)∂xiw(x)
]
dx = 0, for all w ∈ C2C(Int(Ŝd)), (6.12)
which means that Z(t, ·) admits a potential, in the weak sense, for almost every t.
Step 2. Fix (s, y) ∈ QT and choose as test function ϕ the mollification kernel ρh(t, x) =
h−dρ ((s− t)/h, (y − x)/h). Then (6.7) gives
∂tZ
i
h + ∂xifh = 0 in QhT , (6.13)
where Zih = ρh ∗Zi, fh = ρh ∗ (f(·, Z)) and QhT is the set of (s, y) in QT with a distance to the
(time-space) boundary that is greater than or equal to h. Thanks to (6.12), Zh derives from
a potential for fixed t, and the equation above implies that (−fh, Z1h, . . . , Zdh) also derives
from a potential (but in time and space) for (t, x) ∈ QhT . Thus there exists a function vh
defined in QhT such that ∂tvh = −fh and ∂xivh = Zih; since vh is defined up to a constant, we
fix vh(T − h, xM ) = Ĝ(xM ), where xM = (1/d, . . . , 1/d) ∈ Rd−1 is the point in the middle of
the simplex.
By condition (6.9), substituting again the mollification kernel and integrating over t, we
obtain, on QhT , ∑
i,j∈Jd−1K
Ai,j∂
2
xi,xjvh ≤ c, (6.14)
for any nonnegative matrix A with Trace(A) ≤ 1, which implies in particular that for any
vector ν with |ν| = 1 we have, also on QhT ,
∂2vh
∂ν2
≤ c. (6.15)
Step 3. Let h → 0. We have limh→0 ∂tvh = −f(x,Z) and limh→0Dxvh = Z almost
everywhere in QT . By Ascoli-Arzelà theorem and by boundedness of fh and Zh, uniformly in
h > 0, the sequence (vh)h>0 is precompact in C(QT ) endowed with the topology of uniform
convergence, it being understood that we extend vh outside QhT as a Lipschitz function. Let v
be any limit point. We have necessarily that v is Lipschitz continuous (with a fixed Lipschitz
constant) on QT and has weak derivatives ∂tv = −f(x,Z) and Dxv = Z a.e. in QT , proving
that ∂tv + f(x,Dxv) = 0 a.e. in QT .
Since vh(T −h, xM ) = Ĝ(xM ), we get v(T, xM ) = Ĝ(xM ). Moreover, for any test function
w ∈ C2C(Int(Ŝd)) and any h > 0 that is less than the distance dist(Supp(w), ∂Ŝd) from the
support of w to the boundary of the simplex, we have∫
Ŝd
vh(T − h, x)Dxw(x)dx
= −
∫
Ŝd
Zh(T − h, x)w(x)dx (6.16)
54 ALEKOS CECCHIN AND FRANÇOIS DELARUE
= −
∫
Ŝd
(ρh ∗ Z)(T − h, x)w(x)dx = −
∫
Rd
ρh(s, y)
[∫
Ŝd
Z(T − h− s, x)w(x+ y)dx
]
dsdy.
By (6.8), we know that, for any |y| ≤ dist(Supp(w), ∂Ŝd)/2, limh→0[
∫
Ŝd Z(T − h, x)w(x +
y)dx] =
∫
Ŝd g(x)w(x + y)dx. Since the function in argument of the limit is uniformly con-
tinuous with respect to y, the convergence holds uniformly with respect to y. Hence, the
right-hand side in (6.16) converges to − ∫Ŝd g(x)w(x)dx. Since the left-hand side in (6.16)
converges to
∫
Ŝd v(T, x)Dxw(x)dx, we deduce that Dxv(T, ·) = DxĜ = g a.e. and then
v(T, ·) = Ĝ on Ŝd since both are continuous and coincide in xM .
Lastly, by inequality (6.15) (writing first the inequality below for vh and then taking the
limit as h tends to 0)
v(t, x+ ξ)− 2v(t, x) + v(t, x− ξ) ≤ c|ξ|2,
for any t ∈ (0, T ), x ∈ Int(Ŝd) and ξ such that x ± ξ ∈ Int(Ŝd), thus (6.11) holds. Hence,
we have proved that v is a semiconcave solution to the Cauchy problem (6.1a–6.1b) and
z = Dxv a.e. in QT .
Step 4. On the converse, if v is a semiconcave solution to (6.1a) then, for any t ∈ [0, T ],
v(t, ·) is a.e. differentiable in x. By integration by parts, it is clear that, for any w ∈ C1C(Ŝd),
the function [0, T ] ∋ t 7→ ∫Ŝd Dxv(t, x)w(x)dx is continuous. SinceDxv ∈ L∞(QT ), the result
easily extends to any w ∈ L1(Sd), hence proving that Dxv ∈ C([0, T ]; (L∞(Sd), ∗)). Also, v
is a.e. differentiable in (t, x) and the (t, x)-derivative clearly satisfies (6.7). Obviously, (6.8)
holds true. So we have just to check (6.9). For any h > 0, let v′h := ρh∗v (it being understood
that v can be extended in a Lipschitz fashion outside QT ). From (6.11) we derive again
inequality (6.15), but with vh replaced by v
′
h, and then (6.14) follows. Multiplying (6.14) by
ψ ∈ C1C(Int(Ŝd);R+) (provided that h is smaller than dist(Supp(ψ), ∂Ŝd)) and integrating by
parts we get (for any nonnegative matrix A with a trace lower than or equal to 1)∫
Int(Ŝd)
[〈Dxψ,ADxv′h〉+ cψ] dx ≥ 0,
and letting h→ 0 we obtain (6.9).
Step 5. It remains to show that there is a correspondence between semiconcave and
viscosity solutions to (6.1a)–(6.1b). By Corollary 6.3, any viscosity solution V is in fact the
value function of the MFCP. By items (iv) and (v) in Proposition 5.2, the value function is
Lipschitz continuous and semiconcave. By Proposition 3.1.7 in [6], V solves (6.1a) almost
everywhere. On the converse, if v is a semiconcave solution then it is also a viscosity solution
on [0, T ) × Int(Ŝd) by Theorem 10.2 in [45]. By Corollary 6.3, it hence coincides with the
value function. 
We now turn:
Proof of Proposition 6.5.
Step 1. We first assume that U is a classical solution of the master equation (2.27)
or equivalently that Û ∈ [C1([0, T ] × Ŝd)]d is a classical solution to (6.10). Then, (Zi =
Û i − Ûd)i∈Jd−1K is a (classical) solution of
∂tZ
i + Ĥ i(Z
)− Ĥd(Z) +∑j,k(xk(Zk − Zj)+ − xj(Zj − Zk)+)∂xjZi
+
∑
j
(
x−d(−Zj)+ − xj(Zj)+
)
∂xjZ
i + f̂ i(x)− f̂d(x) = 0,
Zi(T, x) = ĝi(x)− ĝd(x),
(6.17)
for (t, x) ∈ [0, T ] × Int(Ŝd), i ∈ Jd − 1K. Obviously, the system of characteristics of (6.17)
is nothing but the Pontryagin system (in local coordinates) (5.11), see (ii) in Proposition
5.2. Hence, the fact that Z is a classical solution of (6.17) implies that (5.11) has a unique
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solution, for any initial condition (t0, x0) of the forward equation in (5.11). The argument
is pretty standard: By expanding (Zi(t, xt))t0≤t≤T and then comparing with the backward
equation, we prove that any solution (x,z) of (5.11) must be of the form zit = Z
i(t, xt), for
i ∈ Jd− 1K and t0 ≤ t ≤ T ; Conversely, solving the forward equation with zit = Zi(t, xt), for
i ∈ Jd − 1K and t0 ≤ t ≤ T , we can indeed easily construct a solution. In turn, we deduce
that the inviscid MFCP admits a unique optimizer: By (i) in Proposition 5.2, there exists
a minimizer; uniqueness follows from the fact the Pontryagin system (5.11) has a unique
solution. By Proposition 5.2 (vii), the value function V̂ of the MFCP is differentiable in any
(t0, x0) and, by point (ix) in the same Proposition, z
i
t0 = ∂xi V̂(t0, x0), whenever the forward
equation in (5.11) starts from x0 at time t0, but in turn z
i
t0 = Z
i(t0, x0) hence showing that
Zi(t, x) = ∂xiV(t, x) for any t ∈ [0, T ] and x ∈ Int(Ŝd), which implies that, on [0, T ]×Int(Ŝd),
V̂ is C2 and thus ∂xjZi = ∂xiZj for any i, j ∈ Jd− 1K. Recalling (5.10), it is plain to see that
∂xiĤ(x,Z) coincides with the nonlinear terms in (6.17), which shows that Z is a solution to
(6.2) on [0, T ]× Int(Ŝd). It is straightforward to see that it satisfies (6.7) and (6.9), because
V is C2 and (obviously) semiconcave.
Step 2. Let Z ∈ [C1([0, T ] × Ŝd)]d−1 satisfy (6.7). From (6.12) and the fact that Z ∈
[C1([0, T ]×Ŝd)]d−1, we obtain that ∂xjZi = ∂xiZj on [0, T ]×Int(Ŝd). Thus Z solves (6.17) on
[0, T ]×Int(Ŝd), but then it solves the equation also at the boundary, because it is differentiable
up to the boundary. It remains to construct a classical solution to the master equation (6.10).
To do so, it suffices to solve (6.10) with all the occurrences of Ûk − Û j replaced by Zk − Zj
and all the occurrences of Û j − Ûd replaced by Zj. By doing so, we hence solve a linear
system of transport equations with a vector field that is C1. Despite the fact that the linear
system is set on the simplex, there is no real difficulty for proving that the solution is also
C1. 
Appendix A. Wright-Fisher Spaces
We describe the so-called Wright-Fisher spaces used in the paper, as recently introduced
in the monograph of Epstein and Mazzeo [25]. We here follow the exposition given in [1]. In
short, these Wright-Fischer spaces are Hölder spaces, tailored made to the study of second
order operators of the form
Lth(p) =
∑
i∈JdK
ai(t, p)∂pih(p) +
ε2
2
∑
i,j∈JdK
(
piδi,j − pipj
)
∂2pipjh(p), (A.1)
where p ∈ Sd and ai(p) ≥ 0 if pi = 0. As we already alluded to, such operators are called
Kimura operators; we refer to [21, 37, 48] for earlier analyses. Clearly, the second order
term in (A.1) is degenerate, which is somehow the price to pay for forcing the corresponding
SDE to stay in the simplex; in fact, the latter SDE is nothing but a Wright-Fisher SDE
of the same type as (2.12), at least for a relevant choice of a. The key feature is that,
under the identification of Sd with Ŝd (see the introduction for the notation), we may regard
the simplex as a (d−1)-dimensional manifold with corners, the corners being obtained by
intersecting at most d of the hyperplanes {x ∈ Rd−1 : x1 = 0}, . . . , {x ∈ Rd−1 : xd−1 = 0},
{x ∈ Rd−1 : x1 + · · · + xd−1 = 1} with Ŝd (we then call the codimension of the corner the
number of hyperplanes showing up in the intersection). Accordingly, we can rewrite (A.1)
as an operator acting on functions from Ŝd to R, by reformulating (A.1) in terms of the
sole d−1 first coordinates (p1, · · · , pd−1) or, more generally, in terms of (pi)i∈JdK\{l} for any
given coordinate l ∈ JdK. Somehow, choosing the coordinate l amounts to choosing a system
of local coordinates and the choice of l is mostly dictated by the position of (p1, · · · , pd)
inside the simplex. Whenever all the entries of p = (p1, · · · , pd) are positive, meaning that
(p1, · · · , pd) belongs to the interior of Ŝd, the choice of l does not really matter and we work,
for convenience, with l = d (which is, in fact, what we have done throughout the paper).
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In [1, Subsection 2.3.1], it is shown that the operator (A.1) fits the decomposition of
[25, Definition 2.2.1], which allows to use the Schauder-like theory developed in the latter
reference. We do not repeat the computations here, but we recall the following two facts:
Firstly, the operator (A.1) is elliptic non-degenerate in the interior of the simplex, when
written in local coordinates in Ŝd in the form
L̂tĥ(x) =
∑
i∈Jd−1K
âi(t, x)∂xi ĥ(x) +
ε2
2
∑
i,j∈Jd−1K
(
xiδi,j − xixj
)
∂2xixj ĥ(x), (A.2)
where now x ∈ Ŝd, ĥ is a smooth function on Ŝd (which must be thought of ĥ(x) = h(xˇ)) and
âi(t, x) = ai(t, xˇ); Secondly, for a point in the relative interior of a corner of codimension ℓ,
there exist local coordinates, of the form (pi)i∈JdK\{l} for a given l depending on the shape of
the corner, such that, in the new coordinates, the operator satisfies the normal form required
in [25, Definition 2.2.1] (the details of which are however useless here).
Hence, for a point x0 ∈ Ŝd in the relative interior of a corner C of Ŝd of codimension
ℓ ∈ {0, · · · , d} (if ℓ = 0, then x0 is in the interior of Ŝd), we may consider a new system
of coordinates (y1, · · · , yd−1) (obtained as in the second point above) such that C = {y ∈
Ŝd : yi1 = · · · = yiℓ = 0}, for 1 ≤ i1 < · · · < iℓ. Letting I := {i1, · · · , iℓ} and denoting by
(y01 , · · · , y0d−1) the coordinates of x0 in the new system (for sure y0ij = 0 for j = 1, · · · , ℓ), we
may find a δ0 > 0 such that:
(1) the closure U(δ0, x0) of U(δ0, x0) := {y ∈ (R+)d−1 : supi∈Jd−1K |yi − y0i | < δ0} is
included in Ŝd,
(2) for y in U(δ0, x0), for j 6∈ I, yj > 0,
(3) for y in U(δ0, x0), for y1 + · · ·+ yd−1 < 1− δ0.
A function ĥ defined on U(δ0, x0) is then said to belong to CγWF(U(δ0, x0)), for some γ ∈ (0, 1),
if, in the new system of coordinates, ĥ is Hölder continuous on U(δ0, x0) with respect to the
distance
d(y, y′) :=
∑
i∈Jd−1K
∣∣√yi −√y′i∣∣. (A.3)
We then let ∥∥ĥ∥∥
γ;U(δ0,x0) := sup
y∈U(δ0,x0)
∣∣ĥ(y)∣∣+ sup
y,y′∈U(δ0,x0)
|ĥ(y)− ĥ(y′)|
d(y, y′)γ
.
Following [25, Lemma 5.2.5 and Definition 10.1.1], we say that a function ĥ defined on
U(δ0, x0) belongs to C2+γWF (U(δ0, x0)) if, in the new system of coordinates,
(1) ĥ is continuously differentiable on U(δ0, x0) and ĥ and its derivatives extend contin-
uously to U(δ0, x0) and the resulting extensions belong to CγWF(U(δ0, x0));
(2) ĥ is twice continuously differentiable on U+(δ0, x0) = U(δ0, x0) ∩ {(y1, · · · , yd−1) ∈
(R+)
d : ∀i ∈ I, yi > 0}. Moreover
lim
min(yi,yj)→0+
√
yiyj∂
2
yiyj ĥ(y) = 0, limyi→0+
√
yi∂
2
yiyk
ĥ(y) = 0, (A.4)
and the functions y 7→ √yiyj∂2yiyj ĥ(y), y 7→
√
yi∂
2
yiyk
ĥ(y) and y 7→ ∂2ykyl ĥ(y) belong
to CγWF(U(δ0, x0)) (meaning in particular that they can be extended by continuity to
U(δ0, x0)).
We then let
‖ĥ‖2+γ;U(δ0,x0) := ‖ĥ‖γ;U(δ0,x0) +
∑
i∈Jd−1K
‖∂yi ĥ‖γ;U(δ0,x0) +
∑
i,j∈I
‖√yiyj∂2yiyj ĥ‖γ;U(δ0,x0)
+
∑
k,l 6∈I
‖∂2ykyl ĥ‖γ;U(δ0,x0) +
∑
i∈I
∑
k 6∈I
‖√yi∂2yiyk ĥ‖γ;U(δ0,x0),
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where
√
yiyj∂
2
yiyj ĥ is a shorten notation for y 7→
√
yiyj∂
2
yiyj ĥ(y) (and similarly for the others).
For a given finite covering ∪Ki=1U(δ0, x0,i) of Ŝd, which is then fixed in the rest of the dis-
cussion, a function ĥ is said to be in CγWF(Ŝd), respectively in C2+γWF (Ŝd) if ĥ belongs to each
CγWF(U(δ0, x0,i)), respectively each C2+γWF (U(δ0, x0,i)). Equivalently, we write h ∈ CγWF(Sd)
(respectively h ∈ C2+γWF (Sd)), for a function h defined on Sd, if the associated function ĥ
defined on Ŝd belongs to CγWF(Ŝd) (respectively C2+γWF (Ŝd)). We then let
‖ĥ‖WF,γ :=
K∑
i=1
‖ĥ‖γ;U(δ0,x0,i), ‖ĥ‖WF,2+γ :=
K∑
i=1
‖ĥ‖2+γ;U(δ0,x0,i).
We refer to [25, Chapter 10] and to [1, Subsection 2.3] for more details. Also, we feel useful
to notice that, in Subsection 2.2, the spaces CγWF(Ŝd) and C2+γWF (Ŝd) are denoted C0,γWF(Sd)
and C0,2+γWF (Sd), with a ‘0’ in superscript and without a ‘hat’ on Sd, and similarly for the
two norms ‖ĥ‖WF,γ and ‖ĥ‖WF,2+γ , which are written ‖h‖WF,0,γ and ‖h‖WF,0,2+γ where
h : Sd → R is canonically associated with ĥ : Ŝd → R. Our choice for inserting the additional
index ‘0’ is made clear below.
Parabolic Wright-Fisher spaces. Similar definitions hold for the spaces CγWF([0, T ]×Sd) and
C2+γWF ([0, T ] × Sd). They are respectively spaces of time-space functions that are γ-Hölder
continuous functions and spaces of time-space functions that are continuously differentiable
in time and twice continuously differentiable in space, with derivatives that are locally γ-
Hölder continuous, Hölder continuity being understood in both cases with respect to the
time-space distance (in the local system of coordinates)
D
(
(t, y), (t′, y′)
)
:= |t− t′|1/2 + d(y, y′). (A.5)
To make it clear, a function ĥ defined on [0, T ]× U(δ0, x0) is said to belong to CγWF([0, T ] ×
U(δ0, x0)), for some γ ∈ (0, 1), if, in the new system of coordinates, ĥ is Hölder continuous
on [0, T ] × U(δ0, x0) with respect to the distance D. We then let∥∥ĥ∥∥
γ;[0,T ]×U(δ0,x0) := sup
(t,y)∈[0,T ]×U(δ0,x0)
∣∣ĥ(t, y)∣∣ + sup
t,t′∈[0,T ], y,y′∈U(δ0,x0)
|ĥ(t, y)− ĥ(t′, y′)|
D((t, y), (t′, y′))γ
.
Following [25, Lemma 5.2.7], we say that a function ĥ defined on [0, T ] × U(δ0, x0) belongs
to the space C2+γWF ([0, T ] × U(δ0, x0)) if, in the new system of coordinates,
(1) ĥ is continuously differentiable on (0, T ) × U(δ0, x0) and ĥ and its time and space
derivatives extend continuously to [0, T ] × U(δ0, x0) and the resulting extensions
belong to CγWF([0, T ] × U(δ0, x0));
(2) ĥ is twice continuously differentiable in space on [0, T ] × U+(δ0, x0). Moreover, for
any i, j ∈ I and any k, l 6∈ I,
lim
min(yi,yj)→0+
√
yiyj∂
2
yiyj ĥ(t, y) = 0, limyi→0+
√
yi∂
2
yiyk
ĥ(t, y) = 0, (A.6)
and the functions (t, y) 7→ √yiyj∂2yiyj ĥ(t, y), (t, y) 7→
√
yi∂
2
yiyk
ĥ(y) and (t, y) 7→
∂2ykyl ĥ(t, y) belong to C
γ
WF([0, T ] × U(δ0, x0)).
We then let
‖ĥ‖2+γ;[0,T ]×U(δ0,x0) := ‖ĥ‖γ;[0,T ]×U(δ0,x0) + ‖∂tĥ‖γ;[0,T ]×U(δ0,x0) +
d∑
i=1
‖∂yi ĥ‖γ;[0,T ]×U(δ0,x0)
+
∑
i,j∈I
‖√yiyj∂2yiyj ĥ‖γ;[0,T ]×U(δ0,x0) +
∑
k,l 6∈I
‖∂2ykyl ĥ‖γ;[0,T ]×U(δ0,x0)
+
∑
i∈I
∑
k 6∈I
‖√yi∂2yiyk ĥ‖γ;[0,T ]×U(δ0,x0).
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For the fixed covering ∪Ki=1U(δ0, x0,i) of Ŝd, a function ĥ is said to be in CγWF([0, T ]× Ŝd), re-
spectively in C2+γWF ([0, T ]×Ŝd) (as before, the definition extends equivalently to the associated
function h defined on [0, T ]×Sd)), if ĥ belongs to each CγWF([0, T ]×U(δ0, x0,i)), respectively
each C2+γWF ([0, T ] × U(δ0, x0,i)). We then let
‖ĥ‖WF,γ :=
K∑
i=1
‖ĥ‖γ;[0,T ]×U(δ0,x0,i), ‖ĥ‖WF,2+γ :=
K∑
i=1
‖ĥ‖2+γ;[0,T ]×U(δ0,x0,i).
As before, we stress the fact that, in the core of the text, we put an additional index ‘0’
and we removed the ‘hat’ in the notations CγWF([0, T ] × Ŝd), C2+γWF ([0, T ] × Ŝd), ‖ĥ‖WF,γ and
‖ĥ‖WF,2+γ , hence writing C0,γWF([0, T ] × Sd), C0,2+γWF ([0, T ] × Sd), ‖h‖WF,0,γ and ‖h‖WF,0,2+γ .
Hybrid spaces. We now introduce hybrid spaces of functions with mixed classical and Wright-
Fisher regularity. Again, this notion is directly borrowed from [25, Chapter 5]. More pre-
cisely, a function h, defined on Sd, belongs to C1,γWF(Sd) (respectively C1,2+γWF (Sd)), for some
γ ∈ (0, 1), if it is continuously differentiable on Sd (meaning that it is continuously differen-
tiable on the interior and the derivatives extend by continuity up to the boundary) and each
dih, for i ∈ JdK, belongs to C0,γWF(Sd) (respectively C0,2+γWF (Sd)). For h ∈ C1,γWF(Sd), we then let
‖h‖WF,1,γ := ‖h‖∞ +
∑
i∈JdK
∥∥dih∥∥WF,0,γ ,
and, for h ∈ C1,2+γWF (Sd), we let
‖h‖WF,1,2+γ := ‖h‖∞ +
∑
i∈JdK
∥∥dih∥∥WF,0,2+γ .
The parabolic version of C1,2+γWF (Sd) (which is the only one we need in the text) is defined
in a similar way. A function h, defined on [0, T ]×Sd, belongs to C1,2+γWF ([0, T ]×Sd), for some
γ ∈ (0, 1), if it belongs to C0,2+γWF ([0, T ] × Sd) (and is hence differentiable in space) and each
dih, for i ∈ JdK, belongs to C0,2+γWF ([0, T ] × Sd). For h ∈ C1,2+γWF ([0, T ] × Sd), we then let
‖h‖WF,1,2+γ := ‖h‖WF,0,γ + ‖∂th‖WF,0,γ +
∑
i∈JdK
∥∥dih∥∥WF,0,2+γ .
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